
Áîëüøèíñòâî âû÷èñëèòåëüíûõ çàäà÷ ñîâðåìåííîé ôèçèêè, êàê
ïðàâèëî, íà òîì èëè èíîì ýòàïå ïðèâîäèò ê íåîáõîäèìîñòè ðåøå-
íèÿ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé

a11x1 + ...+ a1nxn = b1

................................. (1)

an1x1 + ...+ annxn = bn,

èëè â ìàòðè÷íîé ôîðìå
Ax = b,

ãäå A = {aij} � íåâûðîæäåííàÿ (n × n)-ìàòðèöà, x = {xi} � n-
âåêòîð (ñòîëáåö) íåèçâåñòíûõ, b = {bi} � çàäàííûé n-âåêòîð.

Â ìíîæåñòâå ðàçíîîáðàçíûõ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ñèñòå-
ìû (1) ìîæíî âûäåëèòü äâå áîëüøèå (è íàèáîëåå øèðîêî èñïîëü-
çóåìûå) ãðóïïû ìåòîäîâ: ïðÿìûå è èòåðàöèîííûå. Èì è ïîñâÿùåíà
äàííàÿ ëàáîðàòîðíàÿ ðàáîòà. Ïðåæäå, ÷åì ïðèñòóïàòü ê îïèñàíèþ
÷èñëåííûõ ìåòîäîâ, íàïîìíèì íåîáõîäèìûå ñâåäåíèÿ èç ëèíåéíîé
àëãåáðû.

§1. Íîðìû âåêòîðîâ è ìàòðèö ([1], ñòð. 120-123)

Â ÷èñëåííîì àíàëèçå íàèáîëåå ÷àñòî èñïîëüçóþòñÿ ñëåäóþùèå
òðè íîðìû n-ìåðíîãî âåêòîðà x = {x1, ..., xn}:

‖x‖1 =
n∑
i=1
|xi|,

‖x‖2 =
 n∑
i=1
|xi|2

1/2

,

‖x‖∞ = max
1≤i≤n

|xi|.

Íîðìîé êâàäðàòíîé (n× n)-ìàòðèöû A íàçûâàåòñÿ ôóíêöèîíàë,
îáîçíà÷àåìûé ‖A‖, óäîâëåòâîðÿþùèé óñëîâèÿì:

1) ‖A‖ ≥ 0; ‖A‖ = 0↔ A � íóëåâàÿ ìàòðèöà;
2)‖αA‖ = |α|||A||, α � ïðîèçâîëüíîå ÷èñëî;
3)||A+B|| ≤ ||A||+ ||B||;
4)||AB|| ≤ ||A|| ||B||.
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Íîðìà (n × n)-ìàòðèöû ||A||α íàçûâàåòñÿ ñîãëàñîâàííîé ñ íîð-
ìîé n-ìåðíîãî âåêòîðà ||x||β, åñëè äëÿ ëþáûõ x è A âûïîëíÿåòñÿ
íåðàâåíñòâî

||Ax||β ≤ ||A||α ||x||β.
Íîðìû ìàòðèö

||A||1 = max
1≤j≤n

n∑
i=1
|aij|,

||A||∗ = (
n∑

i,j=1
|aij|2)1/2,

||A||∞ = max
1≤i≤n

n∑
j=1
|aij|

ñîãëàñîâàíû ñîîòâåòñòâåííî ñ íîðìàìè âåêòîðà ||x||1, ||x||2, ||x||∞.
Íîðìà (n × n)-ìàòðèöû ||A|| íàçûâàåòñÿ ïîä÷èíåííîé íîðìå n-

âåêòîðà ||x||β, åñëè äëÿ ëþáîé ìàòðèöû A

||A|| = sup
x6=0

||Ax||β
||x||β

.

Íîðìà ìàòðèöû ||A||, ïîä÷èíåííàÿ íîðìå âåêòîðà ||x||β, ÿâëÿåòñÿ
íàèìåíüøåé ñðåäè âñåõ íîðì ìàòðèöû, ñîãëàñîâàííûõ ñ ýòîé íîð-
ìîé âåêòîðà. Íîðìû ||A||1 è ||A||∞ ïîä÷èíåíû íîðìàì ||x||1 è ||x||∞
ñîîòâåòñòâåííî. Íîðìå ||x||2 ïîä÷èíåíà íîðìà

||A||2 = (λmax)1/2,

ãäå λmax � ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöûATA,AT� òðàíñ-
ïîíèðîâàííàÿ ìàòðèöà ê ìàòðèöå A. Íîðìó ìàòðèöû ||A||, ïîä÷è-
íåííóþ íîðìå âåêòîðà ||x||β, áóäåì îáîçíà÷àòü ||A||β.
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§ 2. Ïðÿìûå ìåòîäû

Ïðÿìûìè ìåòîäàìè ðåøåíèÿ àëãåáðàè÷åñêèõ ñèñòåì íàçûâàþò
ìåòîäû, èñïîëüçóþùèå êîíå÷íîå, èçâåñòíîå çàðàíåå ÷èñëî àðèôìå-
òè÷åñêèõ îïåðàöèé. Ïðè ýòîì òî÷íîñòü ðåøåíèÿ îïðåäåëÿåòñÿ ëèøü
òî÷íîñòüþ àðèôìåòè÷åñêèõ âû÷èñëåíèé. Îñíîâíîé èäååé ïðÿìûõ
ìåòîäîâ, â êîíå÷íîì èòîãå, ÿâëÿåòñÿ èäåÿ èñêëþ÷åíèÿ íåèçâåñòíûõ.

1. Ìåòîä Ãàóññà([1], § 16)

Îäíèì èç ïðÿìûõ ìåòîäîâ äëÿ ðåøåíèÿ ëèíåéíûõ ñèñòåì îáùåãî
âèäà (1) ÿâëÿåòñÿ õîðîøî èçâåñòíûé ìåòîä ïîñëåäîâàòåëüíîãî èñ-
êëþ÷åíèÿ, ñâÿçûâàåìûé ñ èìåíåì Ãàóññà. Ìåòîä çàêëþ÷àåòñÿ â ïðè-
âåäåíèè ñèñòåìû (1) ê ñèñòåìå óðàâíåíèé ñ òðåóãîëüíîé ìàòðèöåé
(ïðÿìîé õîä ìåòîäà)

c11x1 + c12x2 + ...+ c1nxn = y1

c22x2 + ...+ c2nxn = y2

..................................................

cnnxn = yn

(2)

c ïîñëåäóþùèì ðåøåíèåì ñèñòåìû(2), íà÷èíàÿ ñ ïîñëåäíåãî óðàâíå-
íèÿ (îáðàòíûé õîä ìåòîäà). Ðàçëè÷íûå ìîäèôèêàöèè ìåòîäà îòëè-
÷àþòñÿ äðóã îò äðóãà ïóòÿìè ïðèâåäåíèÿ ñèñòåìû (1) ê âèäó (2).

Îïèøåì îäíó èç ìîäèôèêàöèé, êîòîðàÿ íàçûâàåòñÿ êîìïàêòíîé
ñõåìîé Ãàóññà. Ýòà ìîäèôèêàöèÿ èñïîëüçóåò ïðåäñòàâëåíèe ìàòðè-
öû A êàê ïðîèçâåäåíèÿ íèæíåé òðåóãîëüíîé ìàòðèöû B = {bij} è
âåðõíåé òðåóãîëüíîé ìàòðèöû C = {cij} âèäà:

A = BC =


1 0 0 ... 0
b11 1 0 ... 0
... ... ... ... ...
bn1 bn2 bn3 ... 1

×

c11 c12 c13 ... c1n

0 c22 c23 ... c2n

... ... ... ... ...
0 0 0 ... cnn

 (3)

(ïðåäñòàâëåíèå (3) âîçìîæíî, åñëè, íàïðèìåð, âñå ãëàâíûå ìèíîðû
ìàòðèöû À îòëè÷íû îò íóëÿ. Ðåøåíèå èñõîäíîé ñèñòåìû (1) ñâî-
äèòñÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ ñèñòåì By = b è Cx = y ñ
òðåóãîëüíûìè ìàòðèöàìè. Íàõîæäåíèå ìàòðèö B, C è âåêòîðà y
(èç ñèñòåìû By = b) ÿâëÿåòñÿ ïðÿìûì õîäîì ìåòîäà, à íàõîæäå-
íèå âåêòîðà x èç ñèñòåìû Cx = y îáðaòíûì õîäîì. Ôîðìóëû äëÿ
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ýëåìåíòîâ ìàòðèö B è C èìåþò âèä:

c11 = a11; c1j = a1j, bj1 = aj1/c11, j = 2, 3, ..., n;

cii = aii −
i−1∑
k=1

bikcki, i = 2, 3, ..., n;

cij = aij −
i−1∑
k=1

bikckj,

bji = (aji −
j−1∑
k=1

bjkcki)/cii,

j = i+ 1, i+ 2, ..., n, i = 2, 3, ..., n.

2. Ìåòîä ïðîãîíêè ([2], §5)

Âàæíûì êëàññîì ñèñòåì (1) ÿâëÿþòñÿ ñèñòåìû âèäà:

d1x1 + c1x2 = b1 ,
aixi−1 + dixi + cixi+1 = bi, i = 2, 3, ..., n− 1,
anxn−1 + dnxn = bn

(4)

ñ òðåõäèàãîíàëüíîé ìàòðèöåé

A =



d1 c1 0 0 ... ... 0 0
a2 d2 c2 0 ... ... 0 0
... ... ... ... ... ... ... ...
0 0 ... ... 0 an−1 dn−1 cn−1

0 0 ... ... 0 0 an dn


.

Òàêèå ñèñòåìû âîçíèêàþò ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ðàçíîñòíûìè ìåòîäàìè.

Ñïåöèàëüíûé âèä ìàòðèöû A ïîçâîëÿåò ïðèìåíèòü èäåþ èñêëþ-
÷åíèÿ íåèçâåñòíûõ â ñèñòåìå (4) ñëåäóþùèì ïðîñòûì ñïîñîáîì, êî-
òîðûé íîñèò íàçâàíèå ìåòîäà ïðîãîíêè.

Ïåðâîå óðàâíåíèå ñèñòåìû (4) äàåò ñîîòíîøåíèå ìåæäó x1 è x2,
â ñèëó êîòîðîãî âòîðîå óðàâíåíèå äàåò ñîîòíîøåíèå ìåæäó x2 è x3.
Ñëåäîâàòåëüíî, òðåòüå óðàâíåíèå äàåò ñîîòíîøåíèå ìåæäó x3 è x4

è ò.ä.. Çàïèøåì ñâÿçü ìåæäó íåèçâåñòíûìè xi−1 è xi â âèäå:

xi−1 = Lixi +Mi, i = 2, 3, ..., n. (5)

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (4) ñëåäóåò, ÷òî

L2 = −c1/d1, M2 = b1/d1. (6)
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Ïîäñòàâëÿÿ (5) â i-îå óðàâíåíèå ñèñòåìû (4), ïîëó÷èì

xi = − ci
aiLi + di

xi+1 +
bi −Miai
aiLi + di

. (7)

Ñðàâíèâàÿ (5) è (7), íàõîäèì ðåêóððåíòíûå ñîîòíîøåíèÿ

Li+1 = − ci
aiLi + di

, Mi+1 =
bi −Miai
aiLi + di

, i = 2, ..., n− 1,

êîòîðûå âìåñòå ñ ôîðìóëàìè (6) ïîçâîëÿþò ïîñëåäîâàòåëüíî íàé-
òè âñå ïðîãîíî÷íûå êîýôôèöèåíòû Li,Mi, i = 2, ..., n. Ïðîöåññ íà-
õîæäåíèÿ ýòèõ êîýôôèöèåíòîâ íàçûâàåòñÿ ïðÿìûì õîäîì ìåòîäà
ïðîãîíêè. Èç ïîñëåäíåãî óðàâíåíèÿ ñèñòåìû (4) è ñîîòíîøåíèÿ (5)
äëÿ i = n íàõîäèì

xn =
bn −Mnan
Lnan + dn

,

÷òî ïîçâîëÿåò ïî ôîðìóëàì (5) ïîñëåäîâàòåëüíî íàéòè âñå îñòàëü-
íûå íåèçâåñòíûå xn−1, xn−2, ..., x1 (îáðàòíûé õîä ìåòîäà ïðîãîíêè).

Ìû ðàññìîòðåëè äâà õàðàêòåðíûõ äëÿ ïðÿìûõ ìåòîäîâ àëãîðèò-
ìà. Ñ äðóãèìè àëãîðèòìàìè ìîæíî îçíàêîìèòñÿ, íàïðèìåð, ïî [1],
[2].
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§ 3. Èòåðàöèîííûå ìåòîäû

Èòåðàöèîííûìè íàçûâàþòñÿ ïðèáëèæåííûå ìåòîäû, â êîòîðûõ
ðåøåíèå ñèñòåìû (1) ïîëó÷àåòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíîñòè âåê-
òîðîâ {xk}∞k=1, êàæäûé ïîñëåäóþùèé ýëåìåíò êîòîðîé âû÷èñëÿåòñÿ
ïî íåêîòîðîìó åäèíîìó ïðàâèëó. Íà÷àëüíûé ýëåìåíò x1 âûáèðàåò-
ñÿ ïðîèçâîëüíî. Ïîñëåäîâàòåëüíîñòü {xk}∞k=1 íàçûâàåòñÿ èòåðàöèîí-
íîé, à åå ýëåìåíòû ïîñëåäîâàòåëüíûìè èòåðàöèÿìè (ïðèáëèæåíèÿ-
ìè).

Âàæíîé õàðàêòåðèñòèêîé èòåðàöèîííîãî ïðîöåññà ÿâëÿåòñÿ ñêî-
ðîñòü ñõîäèìîñòè èòåðàöèîííîé ïîñëåäîâàòåëüíîñòè. Ãîâîðÿò, ÷òî
èòåðàöèÿ xk ÿâëÿåòñÿ ñ òî÷íîñòüþ ε ( â ñìûñëå íåêîòîðîé íîðìû
||x||) ïðèáëèæåííûì ðåøåíèåì ñèñòåìû (1), åñëè

||xk − x0|| ≤ ε, (8)

ãäå x0 -òî÷íîå ðåøåíèå ñèñòåìû (1).
Êàê ïðàâèëî, äëÿ èòåðàöèîííîãî ìåòîäà ðåøåíèÿ ñèñòåìû (1)

ñóùåñòâóåò òàêàÿ ïîñëåäîâàòåëüíîñòü íåâûðîæäåííûõ ìàòðèö Hk,

k = 1, 2, ..., ÷òî ïðàâèëî ïîñòðîåíèÿ ýëåìåíòîâ èòåðàöèîííîé ïîñëå-
äîâàòåëüíîñòè çàïèñûâàåòñÿ â âèäå (ñì. [1], ñòð. 204-207)

xk+1 = xk −Hk(Axk − b). (9)

Çàïèøåì (9) â âèäå

xk+1 = Tkx
k +Hkb, (10)

ãäå Tk = E−HkE, E � åäèíè÷íàÿ (n×n)-ìàòðèöà. Båêòîð ϕk = xk−
x0 íàçûâàåòñÿ âåêòîðîì îøèáêè, à âåêòîð rk = Axk − b � âåêòîðîì
íåâÿçêè.

Èòåðàöèîííûé ìåòîä íàçûâàåòñÿ ñòàöèîíàðíûì, åñëè ìàòðèöàHk

íå çàâèñèò îò íîìåðà øàãà k. Â ïðîòèâíîì ñëó÷àå ìåòîä íàçûâàåò-
ñÿ íåñòàöèîíàðíûì. Äëÿ òîãî, ÷òîáû ñòàöèîíàðíûé èòåðàöèîííûé
ïðîöåññ

xk+1 = Txk +Hb, (11)

ñõîäèëñÿ, äîñòàòî÷íî, ÷òîáû äëÿ êàêîé-ëèáî îäíîé íîðìû ìàòðèöû
T âûïîëíÿëîñü íåðàâåíñòâî
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||T || < 1. (12)
Êðèòåðèåì îêîí÷àíèÿ èòåðàöèîííîãî ïðîöåññà ïðè çàäàííîé òî÷íî-
ñòè ε (ñì.(8)) ìîæåò ñëóæèòü íåðàâåíñòâî

||xk − xk−1|| ≤ ε
1− ||T ||
||T ||

. (13)

Ðàññìîòðèì íåêîòîðûå èòåðàöèîííûå ìåòîäû.

1. Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ([1], �30)

Äëÿ ýòîãî ìåòîäà

Hk = E, Tk = E − A,

ò.å. (10) èìååò âèä

xk+1 = (E − A)xk + b,

èëè â ïîêîîðäèíàòíîé ôîðìå

xk+1
1 = −(a11 − 1)xk1 − a12x

k
2 − ...− a1nx

k
n + b1

xk+1
2 = −a21x

k
1 − (a22 − 1)xk2 − ...− a2nx

k
n + b2

..........................................................

xk+1
n = −an1x

k
1 − an2x

k
2 − ...− (ann − 1)xkn + bn.

2. Îäíîøàãîâûé öèêëè÷åñêèé ìåòîä Çåéäåëÿ ([1] , §32)

Çäåñü
Hk = (E −M)−1, Tk = (E −M)−1N,

ãäå M + N = E − A, M�íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ íóëåâûìè
äèàãîíàëüíûìè ýëåìåíòàìè , N�âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà

M =


0 0 0 0 ... 0 0
−a21 0 0 0 ... 0 0
−a31 −a32 0 0 ... 0 0
... ... ... ... ... ...
−an1 −an2 ... ... ... −ann−1 0

 , N =


1− a11 −a12 ... −a1n

0 1− a22 ... −a2n

... ... ... ...

... ... ... ...
0 0 ... 1− ann

 ,
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ò.å. (9) èìååò âèä

xk+1 = (E −M)−1Nxk + (E −M)−1b,

èëè â ïîêîîðäèíàòíîé ôîðìå

xk+1
1 = −(a11 − 1)xk1 − a12x

k
2 − ...− a1nx

k
n + b1

xk+1
2 = −a21x

k+1
1 − (a22 − 1)xk2 − ...− a2nx

k
n + b2

..........................................................

xk+1
n = −an1x

k+1
1 − an2x

k+1
2 − ...− (ann − 1)xkn + bn.

3. Èòåðàöèîííûé ìåòîä Ãàóññà

Äëÿ ýòîãî ìåòîäà

Hk = D−1, Tk = −D−1(L+R),

ãäå L+D +R = A, L�íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ íóëåâûìè
äèàãîíàëüíûìè ýëåìåíòàìè, D�äèàãîíàëüíàÿ ìàòðèöà, R�âåðõíÿÿ
òðåóãîëüíàÿ ìàòðèöà ñ íóëåâûìè äèàãîíàëüíûìè ýëåìåíòàìè.

Èòåðàöèîííûé ïðîöåññ (10) èìååò âèä

xk+1 = −D−1(L+R)xk +D−1b,

èëè â ïîêîîðäèíàòíîé ôîðìå

xk+1
1 = (b1 − a12x

k
2 − ...− a1nx

k
n)/a11

xk+1
2 = (b2 − a21x

k
1 − ...− a2nx

k
n)/a22

..................................................

xk+1
n = (bn − an1x

k
1 − ...− ann−1x

k
n−1)/ann

4. Ìåòîä Ãàóññà-Çåéäåëÿ ([1], §33)

Çäåñü

Hk = (D + L)−1, Tk = −(D + L)−1R,
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L,D è R � òå æå, ÷òî è â èòåðàöèîííîì ìåòîäå Ãàóññà. Òàêèì îáðà-
çîì, ïðîöåññ (10) èìååò âèä

xk+1 = −(D + L)−1Rxk + (D + L)−1b,

èëè â ïîêîîðäèíàòíîé ôîðìå

xk+1
1 = (b1 − a12x

k
2 − ...− a1nx

k
n)/a11

xk+1
2 = (b2 − a21x

k+1
1 − ...− a2nx

k
n)/a22

..................................................

xk+1
n = (bn − an1x

k+1
1 − ...− ann−1x

k+1
n−1)/ann .

Äàííûé ìåòîä îòëè÷àåòñÿ îò ïðåäûäóùåãî, êàê è ìåòîä 2 îò ìå-
òîäà 1, òåì, ÷òî äëÿ âû÷èñëåíèÿ êàæäîé êîîðäèíàòû î÷åðåäíîãî
âåêòîðà xk+1 èñïîëüçóåòñÿ (óæå âû÷èñëåííûå) âñå ïðåäûäóùèå åãî
êîîðäèíàòû.

Êàê ïðàâèëî, ïåðå÷èñëåííûå ìåòîäû íå ïðèìåíÿþòñÿ áåç óñêîðå-
íèÿ ïðîöåññà ñõîäèìîñòè. Óñêîðåíèå äîñòèãàåòñÿ, íàïðèìåð, ââåäå-
íèåì òàê íàçûâàåìûõ óñêîðÿþùèõ ìíîæèòåëåé. Â ïðîñòåéøåì ñëó-
÷àå ââåäåíèå óñêîðÿþùåãî ìíîæèòåëÿ τ çàêëþ÷àåòñÿ â íåçíà÷èòåëü-
íîé ëèíåéíîé ýêñòðàïîëÿöèè ñ êîýôôèöèåíòîì τ , ïðèìåíÿåìîé ê
êàæäîé íåèçâåñòíîé xi íà êàæäîé èòåðàöèè ïî ôîðìóëå

−
x
k+1

i = xki + τ(xk+1
i − xki ), (14)

ãäå xk+1
i - ïîñëåäíeå çíà÷åíèå xi ïîëó÷åííîå áåç óñêîðåíèÿ, à −x

k+1
i �

óñêîðåííîå çíà÷åíèå xi. Îïòèìàëüíîå çíà÷åíèå ïàðàìåòðà τ çàâèñèò
îò âèäà ìàòðèöû A è îáû÷íî äëÿ ïîëîëîæèòåëüíûõ ñèììåòðè÷åñêèõ
ìàòðèö çàêëþ÷åíî â ïðåäåëàõ îò 0 äî 2. Ïðèâåäåì ïðèìåð èòåðàöè-
îííîãî ïðîöåññà ñ óñêîðÿþùèì ìíîæèòåëåì.

5. Ìåòîä ïîcëåäîâàòåëüíîé ðåëàêñàöèè([1], §35)

Çäåñü

Hk = τ(D + τL)−1, Tk = (D + τL)−1((1− τ)D − τR),
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ãäåD,L,R òå æå, ÷òî è â ïóíêòå 3, 0 < τ < 2. Èòåðàöèîííûé ïðîöåññ
(10) èìååò âèä

xk+1 = (D + τL)−1((1− τ)D − τR)xk + τ(D + τL)−1b,

èëè â ïîêîîðäèíàòíîé ôîðìå

xk+1
1 = xk1 + (τ/a11)(b1 − a11x

k
1 − a12x

k
2 − ...− a1nx

k
n)

xk+1
2 = xk2 + (τ/a22)(b2 − a21x

k+1
1 − a22x

k
2 − ...− a2nx

k
n)

..................................................................................

xk+1
n = xkn + (τ/ann)(bn − an1x

k+1
1 − an2x

k+1
2 − ...− annxkn).

Ïðè τ > 1 ìåòîä íàçûâàåòñÿ ìåòîäîì ïîñëåäîâàòåëüíîñòè âåðõ-
íåé ðåëàêñàöèè, ïðè τ < 1 ìåòîäîì ïîñëåäîâàòåëüíîé íèæíåé ðå-
ëàêñàöèè, ïðè τ = 1 ñîâïàäàåò ñ ìåòîäîì Ãàóññà-Çåéäåëÿ.

Îöåíèòü òåîðåòè÷åñêè îïòèìàëüíîå çíà÷åíèå ïàðàìåòðà τ ïðåä-
ñòàâëÿåòñÿ çàòðóäíèòåëüíûì. Íà ïðàêòèêå äëÿ îïðåäåëåíèÿ íàèëó÷-
øåãî çíà÷åíèÿ τ îáû÷íî ïîëüçóþòñÿ ìåòîäîì ïîäáîðà. Ñòðîÿò çàâè-
ñèìîñòü îò τ ÷èñëà èòåðàöèè N , íåîáõîäèìûõ äëÿ ïîëó÷åíèÿ ðå-
øåíèÿ ñ íåêîòîðîé íàïåðåä çàäàííîé íåâûñîêîé òî÷íîñòüþ. Â êà÷å-
ñòâå óñêîðÿþùåãî ìíîæèòåëÿ âûáèðàþò òî çíà÷åíèå τ , ïðè êîòîðîì
ôóíêöèÿ N(τ ) äîñòèãàåò ìèíèìóìà.

Ðàññìîòðåííûå èòåðàöèîííûå ìåòîäû ÿâëÿþòñÿ ñòàöèîíàðíûìè.
Ðàññìîòðèì òåïåðü äâà íåñòàöèîíàðíûõ ìåòîäà.

6. Ìåòîäû íàèñêîðåéøåãî ñïóñêà è ìèíèìàëüíûõ íåâÿçîê ([1], §70)

Çäåñü

Hk = τkE, Tk = E − τkA.
Ïàðàìåòð τk â ìåòîäå íàèñêîðåéøåãî ñïóñêà âûáèðàåòñÿ èç óñëî-

âèÿ îðòîãîíàëüíîñòè íåâÿçîê íà ñîñåäíèõ øàãàõ ìåòîäà (íåâÿçêà íà
(k + 1)-îì øàãå ðàâíà rk = Axk − f ) è èìååò âèä
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τk =
(rk, rk)

(Ark, rk)
. (15)

Â ìåòîäå ìèíèìàëüíûõ íåâÿçîê èòåðàöèîííûé ïàðàìåòð τk âû-
áèðàåòñÿ èç óñëîâèÿ ìèíèìóìà íîðìû íåâÿçêè íà (k+ 1)-îì øàãå è
èìååò âèä

τk =
(Ark, rk)

(Ark, Ark)
. (16)

Ïðîöåññ (10) èìååò âèä

xk+1 = (E − τkA)xk + τkEb, (17)
èëè â ïîêîîðäèíàòíîé ôîðìå

xk+1
1 = −(τka11 − 1)xk1 − τka12x

k
2 − ... − τka1nx

k
n + τkb1

xk+1
2 = −τka21x

k
1 − (τka22 − 1)xk2 − ... − τka2nx

k
n + τkb2

.......................................

xk+1
n = −τkan1x

k
1 − τkan2x

k
2 − ... − (τkann − 1)xkn + τkbn.

§ 4. Îáóñëîâëåííîñòü ëèíåéíîé ñèñòåìû

Îáû÷íî ýëåìåíòû ìàòðèöû A è âåêòîðà b ñèñòåìû (1) çàäàíû
ëèøü ñ íåêîòîðîé ñòåïåíüþ òî÷íîñòè. Ïîñìîòðèì, êàê òàêàÿ íåîïðå-
äåëåííîñòü ñêàçûâàåòñÿ íà ðåøåíèè ñèñòåìû (1). Ïóñòü, íàïðèìåð,
ìàòðèöà A èçâåñòíà òî÷íî, à âìåñòî çíà÷åíèÿ âåêòîðà b çàäàíî åãî
ïðèáëèæåíèå (b+∆b). Ïóñòü x0 òî÷íîå ðåøåíèå ñèñòåìû (1) ò.å.

Ax0 = b, (18)

à âåêòîð ∆x óäîâëåòâîðÿåò ñèñòåìå

A(x0 + ∆x) = b+ ∆b. (19)
Âûáðàâ íåêîòîðóþ íîðìó âåêòîðà ||x||β îöåíèì îòíîñèòåëüíóþ

ïîãðåøíîñòü
||∆x||β
||x0||β

.
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Èç (18) è (19) íàõîäèì

∆x = A−1∆b

è, ñëåäîâàòåëüíî,

||x||β ≤ ||A−1||β ||∆b||β. (20)
Êðîìå òîãî, èç (19) ïîëó÷àåì

||b||β ≤ ||A||β ||x0||β. (21)

Èç íåðàâåíñòâ (20) è (21) cëåäóåò, ÷òî

||b||β ||∆x||β ≤ ||A||β ||A−1||β ||∆b||β ||x0||β.

Ïðåäïîëîæèâ , ÷òî b 6= 0 , íàõîäèì
||∆x||β
||x0||β

≤ ||A||β||A−1||β
||∆b||β
||b||β

.

Âåëè÷èíà
condβ(A) = ||A||β ||A−1||β

íàçûâàåòñÿ ÷èñëîì îáóñëîâëåííîñòè ìàòðèöû A (ýòî ÷èñëî çàâèñèò
îò èñïîëüçóåìîé íîðìû ìàòðèöû).Òàêèì îáðàçîì, îòíîñèòåëüíàÿ
ïîãðåøíîñòü ðåøåíèÿ ||∆x||β

||x0||β íå ïðåâûøàåò îòíîñèòåëüíîé ïîãðåø-
íîñòè ||∆b||β||b||β , óìíîæåííîé íà ÷èñëî îáóñëîâëåííîñòè:

‖∆x‖β
‖x0‖β

≤ condβ(A)
‖∆b‖β
‖b‖β

. (22)

Íåðàâåíñòâî (22) ÿâëÿåòñÿ òî÷íûì â òîì ñìûñëå, ÷òî ïðè çàäàí-
íîé ïîãðåøíîñòè ‖∆b‖β/‖b‖β ñóùåñòâóåò âåêòîð ∆b 6= 0 è ñîîòâåò-
ñòâóþùèé åìó âåêòîð ∆x òàêèå, ÷òî (22) îáðàùàåòñÿ â ðàâåíñòâî.

Àíàëîãè÷íî, åñëè âåêòîð b èçâåñòåí òî÷íî, à âìåñòî ìàòðèöû A
çàäàíî åå ïðèáëèæåíèå A+∆A, è âåêòîð ∆x óäîâëåòâîðÿåò ñèñòåìå

(A+ ∆A)(x0 + ∆x) = b,

òî
‖∆x‖β

‖x0 + ∆x‖β
≤ condβ(A)

‖∆A‖β
‖A‖β

. (23)

Íåðàâåíñòâî (23) òî÷íîå.
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Åñëè ÷èñëî condβ(A) îòíîñèòåëüíî ìàëî, òî ñèñòåìà (1) íàçûâà-
åòñÿ õîðîøî îáóñëîâëåííîé. Åñëè æå ÷èñëî condβ(A) îòíîñèòåëüíî
âåëèêî, òî ñèñòåìà íàçûâàåòñÿ ïëîõî îáóñëîâëåííîé. Íåðàâåíñòâà
(22),(23) ïîêàçûâàþò, ÷òî ê ðåøåíèþ ïëîõî îáóñëîâëåííûõ ñèñòåì
íàäî îòíîñèòñÿ î÷åíü âíèìàòåëüíî, ò.ê. äàæå íåáîëüøèå îøèáêè
îêðóãëåíèÿ ìîãóò ïðèâåñòè ê íåâåðíûì ðåçóëüòàòàì.

Ïðèìåð ([3],ñòð.37): òî÷íûì ðåøåíèåì ñèñòåìû

x1 + 0.99x2 = 1.99

0.99x1 + 0.98x2 = 1.97

ÿâëÿåòñÿ âåêòîð x0 = {1, 1}. Òî÷íûì ðåøåíèåì ñèñòåìû

x1 + 0.99x2 = 1.989903

0.99x1 + 0.98x2 = 1.970106

ÿâëÿåòñÿ âåêòîð {3.0000,−1.0203}. Òàêèì îáðàçîì, èçìåíåíèå ∆b =
{−0.000097,−0.000106} ïðèâåëî ê èçìåíåíèþ ðåøåíèÿ ∆x = {−2.0000,
−2.0203}. Â òî âðåìÿ , êàê ‖∆b‖2/‖b‖2

∼= 0.510−4, èìååì ‖∆x‖2/‖x‖2
∼=

2. Áîëüøàÿ îòíîcèòåëüíàÿ îøèáêà ðåøåíèÿ çäåñü îáóñëîâëåíà áîëü-
øèì çíà÷åíèåì cond2 = 39600.

Îöåíêà ÷èñëà îáóñëîâëåííîñòè îáû÷íî äîâîëüíî òðóäîåìêà. Ïðè
ïðàêòè÷åñêèõ âû÷èñëåíèÿõ ïëîõóþ îáóñëîâëåííîñòü îïðåäåëÿþò ÷à-
ñòî ïî íåêîòîðûì âíåøíèì ïðèçíàêàì ìàòðèöû A. Íàïðèìåð, åñëè
îïðåäåëèòåëü ìàòðèöû áëèçîê ê íóëþ, èëè íåêîòîðûå äèàãîíàëü-
íûå ýëåìåíòû ìàòðèöû A ìàëû ïî ñðàâíåíèþ ñ íåäèàãîíàëüíûìè,
òî ìîæåò îêàçàòüñÿ, ÷òî ñèñòåìà (1) ïëîõî îáóñëîâëåíà.

Äëÿ âàæíîãî â ïðèëîæåíèè ÷àñòíîãî ñëó÷àÿ ñèñòåì âèäà (3) ñ
òðåõäèàãîíàëüíîé ìàòðèöåé A ñóùåñòâóåò ëåãêî ïðîâåðÿåìûé äî-
ñòàòî÷íûé ïðèçíàê õîðîøåé îáóñëîâëåííîñòè:

|di| ≥ |ai|+ |bi|, i = 1, 2, ..., n,
|c1/d1| < 1, |an/dn| < 1.

�5. Èòåðàöèîííûå ìåòîäû ïðè íåòî÷íûõ âõîäíûõ äàííûõ ([6], ñòð.259)

Äî ñèõ ïîð ïðè ðàññìîòðåíèè ìåòîäîâ ðåøåíèÿ ëèíåéíûõ ñèñòåì
ìû èñõîäèëè èç òîãî, ÷òî ìàòðèöà è ïðàâûå ÷àñòè íàøåé ñèñòåìû
çàäàíû òî÷íî. Îäíàêî, â ïðàêòè÷åñêèõ çàäà÷àõ âõîäíûå äàííûå, ò.å.
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ìàòðèöà è ïðàâàÿ ÷àñòü ëèíåéíîé ñèñòåìû, îáû÷íî çàäàíû ïðèáëè-
æåííî è âìåñòî ñèñòåìû

Ax = b (24)
ìû èìååì äåëî ñ ñèñòåìîé

Ahx = bh, (25)

ãäå Ah è bh - èçâåñòíûå íàì ïðèáëèæåíèÿ ìàòðèöû A è âåêòîðà b
ñîîòâåòñòâåííî (âõîäíûå äàííûå çàâèñÿò ëèáî îò ñëó÷àéíûõ îøèáîê
èëè ñòàòèñòè÷åñêèõ ïîãðåøíîñòåé, ëèáî îò ïîãðåøíîñòåé, ïîÿâëÿþ-
ùèõñÿ ïðè âû÷èñëåíèÿõ).

Áóäåì ïðåäïîëàãàòü, ÷òî ïîãðåøíîñòè âõîäíûõ äàííûõ íàì èç-
âåñòíû â ñëåäóþùåì âèäå (x � òî÷íîå ðåøåíèå ñèñòåìû (24)):

||(A− Ah)x|| ≤ ε(h), ||∆b|| = ||b− bh|| ≤ η(h). (26)

Ñëåäîâàòåëüíî, íàì íóæíî ïðèáëèæåííî ðåøèòü ñèñòåìó (24)),
èìåÿ â ðàñïîðÿæåíèè ñèñòåìó (25) è àïðèîðíóþ èíôîðìàöèþ (26).
Äëÿ ðåøåíèÿ ñèñòåìû (25) èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé (xjh � j-îå ïðèáëèæåíèå; ñêàçàííîå íèæå áåç òðóäà ðàñïðî-
ñòðàíÿåòñÿ è íà äðóãèå èçëîæåííûå âûøå ìåòîäû)

xj+1
h = (E − Ah)x

j
h + bh (x0

h = 0), j = 0, 1, 2, ..., (27)

ñ÷èòàÿ âûïîëíåííûì óñëîâèå

q = ||E − Ah|| < 1, (28)

îáåñïå÷èâàþùåå ñõîäèìîñòü.
Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ïðè íåòî÷íî èçâåñòíûõ âõîäíûõ

äàííûõ ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ (27) ñëåäóåò âû÷èñëÿòü äî
òåõ ïîð, ïîêà îøèáêà èòåðàöèîííîãî ïðîöåññà (27) íå ñòàíåò ñðàâíè-
ìîé ñ çàâåäîìîé (íåóñòðàíèìîé) îøèáêîé ðåøåíèÿ ñèñòåìû (24), ïî-
ÿâëÿþùåéñÿ èç-çà íåòî÷íîñòè âõîäíûõ äàííûõ. Áîëåå òîãî, îêàçûâà-
åòñÿ, åñëè ìàòðèöà A ïëîõî îáóñëîâëåíà è, ñëåäîâàòåëüíî, îáðàòíàÿ
ìàòðèöà A−1

h ìîæåò îòëè÷àòüñÿ îò îáðàòíîé ìàòðèöû A−1 çíà÷è-
òåëüíî, òî ïðîäîëæåíèå èòåðàöèîííîãî ïðîöåññà (27) ìîæåò ïðèâå-
ñòè íå ê óëó÷øåíèþ, à íàîáîðîò, ê ñóùåñòâåííîìó óõóäøåíèþ îêîí-
÷àòåëüíîãî ðåçóëüòàòà.

Äëÿ íàõîæäåíèÿ îïòèìàëüíîãî ÷èñëà èòåðàöèé â èòåðàöèîííîì
ïðîöåññå (27) ïðîâåäåì ñëåäóþùèé àíàëèç. Ïóñòü x è xh � òî÷íûå
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ðåøåíèÿ ñèñòåì (24) è (25) ñîîòâåòñòâåííî, ò.å.
x = A−1b, xh = A−1

h bh. (29)
Âû÷èòàÿ èç âòîðîãî óðàâíåíèÿ (29) ïåðâîå è ïðîâîäÿ òîæäåñòâåííûå
ïðåîáðàçîâàíèÿ, ïîëó÷èì
xh−x = A−1

h (bh− b+Ax−AhA
−1b) = A−1

h (bh− b+ (A−Ah)x). (30)
Èç ïîñëåäíåãî ñëåäóåò

||xh − x|| ≤ ||A−1
h ||(||bh − b||+ ||(A− Ah)x||), (31)

èëè ñ ó÷åòîì àïðèîðíûõ îöåíîê (26)
||x− xh|| ≤ ||A−1

h ||(ε(h) + η(h)). (32)
Ïðåäñòàâèì óðàâíåíèå (25) â âèäå

xh = (E − Ah)xh + bh. (33)
Èç (33) è (27) ïîëó÷èì

(xh − xjh) = (E − Ah)(xh − xjh), (34)
îòêóäà

xh − xjh = (E − Ah)jA−1
h bh. (35)

Ò.ê.
||x− xjh|| = ||x+ xh − xh − xjh|| ≤ ||x

j
h − xh||+ ||xh − x||, (36)

òî èç (32) è (35) ïîëó÷àåì
||xh − xjh|| ≤ qj||A−1

h ||||bh||+ ||A−1
h ||(ε(h) + η(h)). (37)

Ïåðâîå ñëàãàåìîå â ïîñëåäíåì íåðàâåíñòâå äàåò îöåíêó ïîãðåø-
íîñòè èòåðàöèîííîãî ïðîöåññà (27), à âòîðîå ñëàãàåìîå îöåíèâàåò
"íåóñòðàíèìóþ"ïîãðåøíîñòü ðåøåíèÿ ñèñòåìû ((24), âîçíèêàþùóþ
çà ñ÷åò íåòî÷íîñòåé âõîäíûõ äàííûõ. Òðåáóÿ ðàâåíñòâà ýòèõ âåëè-
÷èí, ïîëó÷èì ôîðìóëó äëÿ íîìåðà èòåðàöèè j0, íà êîòîðîé ñëåäóåò
çàêîí÷èòü èòåðàöèîííûé ïðîöåññ ((27):

j0 =
1

ln q
ln

(ε(h) + η(h))
||bh||

. (38)

Ñëåäóåò îòìåòèòü, ÷òî â ôîðìóëå (38) îòñóòñòâóåò íîðìà îáðàò-
íîé ìàòðèöû, ÷òî ñóùåñòâåííî óïðîùàåò âû÷èñëåíèå îïòèìàëüíîãî
÷èñëà èòåðàöèé.
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Âîïðîñû äëÿ ñàìîïðîâåðêè

1) Îöåíèòü âîçìîæíîå âîçìóùåíèå ðåøåíèÿ ñèñòåìû

x1 − 2x2 = −1
2x1 + 4.01x2 = 2

ïðè èçìåíåíèè êîìïîíåíò ïðàâîé ÷àñòè íà 0.01. Íàéòè ðåøå-
íèÿ óêàçàííîé ñèñòåìû è ñèñòåìû ñ òîé æå ìàòðèöåé è ïðàâîé
÷àñòüþ b+ ∆b = {−1, 2.01}

2) Íàéòè ÷èñëî îáóñëîâëåííîñòè cond∞(A) ìàòðèöû ñèñòåìû

5x1 − 3.331x2 = 1.69
6x1 − 3.97x2 = 2.03

Óêàçàòü èçìåíåíèå ðåøåíèÿ ýòîé ñèñòåìû ïðè ïåðåõîäå ê ñè-
ñòåìå ñ òîé æå ìàòðèöåé è ïðàâîé ÷àñòüþ b+ ∆b = {1.7, 2}

3) Ïóñòü ||x||α - íåêîòîðàÿ íîðìà âåêòîðà, ||A||α - ïîä÷èíåííàÿ
åìó íîðìà ìàòðèöû. Ïîêàçàòü, ÷òî ïðè èçìåíåíèè ïðàâîé ÷à-
ñòè ñèñòåìû (1) íà âåêòîð ñ íîðìîé ðàâíîé ÷èñëó ε > 0, ðåøå-
íèå ñèñòåìû (1) ìîæåò èçìåíèòüñÿ íà âåêòîð, èìåþùèé íîðìó
ε||A−1||α.

4) Äîêàçàòü, ÷òî íîðìà ìàòðèöû ||A||1 (ñîîòâ. ||A||∞) ñîãëàñîâàíà
ñ íîðìîé âåêòîðà ||x||1 (ñîîòâ. ||x||∞).

5) Ïîêàçàòü, ÷òî äëÿ ñèñòåìû (1) ñ ìàòðèöåé

A =


2 0.3 0.5

0.1 3 0.4
0.1 0.1 1.8


èòåðàöèîííûé ïðîöåññ

xk+1 = (E − τA)xk + τB

áóäåò ñõîäèòüñÿ ïðè 0 < τ < 0.4.

6) Íàïèñàòü ôîðìóëû ìåòîäà ïðîãîíêè äëÿ ñèñòåìû
b1x1 = f1

aixi−1 − bixi + cixi+1 = fi, i = 2, 3, ..., n− 1,
bnxn = fn.

(39)
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7) Äîêàçàòü, ÷òî äîñòàòî÷íûì óñëîâèåì ñõîäèìîñòè ïðîöåññà (11)
ÿâëÿåòñÿ âûïîëíåíèå íåðàâåíñòâà (12).

8) Äîêàçàòü, ÷òî äîñòàòî÷íûì ïðèçíàêîì õîðîøåé îáóñëîâëåííî-
ñòè ñèñòåìû (39) ÿâëÿåòñÿ óñëîâèå:

|bi| ≥ |ai|+ |ci|, i = 1, 2, 3, ..., n− 1.

9) Äîêàçàòü,÷òî èòåðàöèîííûé ïðîöåññ (11) ïðè óñëîâèè(12) ñõî-
äèòñÿ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè è âûïîëíÿåòñÿ
íåðàâåíñòâî:

||xk − x0|| ≤ ||T ||
k−1

1− ||T ||
||x2 − x1||.

10) Äîêàçàòü,÷òî äëÿ èòåðàöèîííîãî ïðîöåññà (11) ïðè óñëîâèè (12)
èç íåðàâåíñòâà (13) ñëåäóåò íåðàâåíñòâî (8).

11) Ðåøåíèþ ñèñòåìû äâóõ ëèíåéíûõ óðàâíåíèé ñ äâóìÿ íåèçâåñò-
íûìè

a11x1 + a12x2 = b1

a21x1 + a22x2 = b2,

ìàòðèöà êîòîðîé äåéñòâèòåëüíàÿ è íåâûðîæäåííàÿ, ñîîòâåò-
ñòâóåò ãåîìåòðè÷åñêàÿ çàäà÷à îòûñêàíèÿ íà ïëîñêîñòè x1, x2

òî÷êè ïåðåñå÷åíèÿ äâóõ ïðÿìûõ, çàäàííûõ óðàâíåíèÿìè ñèñòå-
ìû.
Äîêàçàòü,÷òî óãîë ìåæäó ýòèìè ïðÿìûìè óäîâëåòâîðÿåò íåðà-
âåíñòâó

|ctgα| ≤ 0.5cond∗(A).

12) Ïîêàçàòü, ÷òî ÷èñëî îáóñëîâëåííîñòè íå ìåíÿåòñÿ ïðè óìíîæå-
íèè ìàòðèöû íà íóëåâîå ÷èñëî.

13) Íàéòè ãðàäèåíò ôóíêöèè h(x) = (Ax, x), x ∈ R2.

14) Ïîêàçàòü, ÷òî åñëè ìàòðèöà A ïîëîæèòåëüíî îïðåäåëåíà, òî çà-
äà÷à ðåøåíèÿ ñèñòåìû (1) ýêâèâàëåíòíà çàäà÷å îòûñêàíèÿ ìè-
íèìóìà ôóíêöèè

H(x) = (Ax, x)− 2(b, x). (40)
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15) Ïîëüçóÿñü òåì, ÷òî â ñëó÷àå ïîëîæèòåëüíî îïðåäåëåííîé ìà-
òðèöû A çàäà÷à ðåøåíèÿ ñèñòåìû (1) ýêâèâàëåíòíà çàäà÷å íà-
õîæäåíèÿ ìèíèìóìà ôóíêöèè (39); ïîëó÷èòü ôîðìóëû (15),(17)
ìåòîäà íàèñêîðåéøåãî ñïóñêà.

16) Äîêàçàòü, ÷òî äëÿ äèàãîíàëüíîé ìàòðèöûA = {aij}, aij = 0, i 6=
j, ÷èñëî îáóñëîâëåííîñòè cond1(A) = maxi(aii)/mini(aii).

17) Ïðèâåñòè ïðèìåðû ìàòðèö, ïîêàçûâàþùèå, ÷òî ÷èñëî îáóñëîâ-
ëåííîñòè ìîæåò áûòü ðàâíûì åäèíèöå ïðè ñêîëü óãîäíî ìàëîì
îïðåäåëèòåëå. (Óêàçàíèå: ðàññìîòðåòü ñëó÷àé äèàãîíàëüíîé ìà-
òðèöû.)

Âàðèàíòû çàäàíèé

Â ëàáîðàòîðíîé ðàáîòå òðåáóåòñÿ ðåøèòü çàäàííóþ ëèíåéíóþ ñè-
ñòåìó ñ íåòî÷íî çàäàííîé ïðàâîé ÷àñòüþ ìåòîäîì èñêëþ÷åíèÿ Ãàóñ-
ñà è óêàçàííûì èòåðàöèîííûì ìåòîäîì. Â êàæäîì èç ïðèâîäèìûõ
íèæå âàðèàíòîâ çàäàíèé íåîáõîäèìî:

à) Îöåíèòü ÷èñëî îáóñëîâëåííîñòè ìàòðèöû ñèñòåìû.
á) Ïðîâåðèòü âûïîëíåíèå äîñòàòî÷íûõ óñëîâèé ðàçðåøèìîñòè çà-

äàííîé ñèñòåìû óêàçàííûì ìåòîäîì (â ñëó÷àå íåîáõîäèìîñòè ïðå-
îáðàçîâàòü ñèñòåìó).

â) Ðåøèòü çàäàííóþ ñèñòåìó íà ÝÂÌ ñ ïîìîùüþ ïîäïðîãðàì-
ìû, îïèñàííîé â ïðèëîæåíèè è çàäàííûì èòåðàöèîííûì ìåòîäîì.
Ñðàâíèòü ïîëó÷åííûå ðåçóëüòàòû â ãðàôè÷åñêîé ôîðìå.

ã) Îöåíèòü ïîãðåøíîñòü íàéäåííîãî ðåøåíèÿ.
Ïðèâîäèìûå íèæå ëèíåéíûå àëãåáðàè÷åñêèå ñèñòåìû âîçíèêàþò

ïðè ÷èñëåííîì ðåøåíèè äâóõòî÷å÷íûõ ãðàíè÷íûõ çàäà÷ äëÿ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ñèñòåìû 1,2), èíòåãðàëü-
íûõ óðàâíåíèé Ôðåäãîëüìà âòîðîãî ðîäà (ñèñòåìû 3,4), ïåðâîé êðà-
åâîé çàäà÷è äëÿ óðàâíåíèÿ Ïóàññîíà (ñèñòåìà 5).

1) xi−1 − 2xi + xi+1 = 0, i = 2, 3, ..., n− 1,

x1 = 1, xn = 5.

xi−1 − 4xi + xi+1 = 0, i = 2, 3, ..., n− 1,

2x1 = x2 + 1,
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xn−1 = 3xn + 2.

xi − i
2n2

∑n
j=1 xj = 1, i = 1, 2, ..., n.

xi − i
2n3

∑n
j=1 jxj = 1, i = 1, 2, ..., n.

xm = 0,

m = 1, 2, ..., k + 1, 2k, 2k + 1,

3k, 3k + 1,

......,

(k − 1)k, (k − 1)k + 1, ..., k2.

4xm − xm+1 − xm−1 − xm+k − xm−k = 1/(k − 1)2, (41)
m = k + 2, k + 3, ..., 2k − 1

2k + 2, 2k + 3, ..., 3k − 1,

..................,

(k − 2)k + 2, (k − 2)k + 3, ..., (k − 1)k − 1.

(÷èñëî íåèçâåñòíûõ n = k2).
Òàáëèöà I

N N ÷èñëåííûé ÷èñëî
âàðèàíòà ñèñòåìû ìåòîä íåèçâåñòíûõ òî÷íîñòü ε

1 1 §2,ï.2 10
2 1 §2,ï.2 20
3 2 §2,ï.2 10
4 2 §2,ï.2 20
5 2 §3,ï.1 10 0.01
6 3 §3,ï.1 10 0.01
7 3 §3,ï.3 10 0.01
8 3 §3,ï.4 10 0.01
9 4 §3,ï.1 10 0.01
10 4 §3,ï.3 10 0.01
11 4 §3,ï.4 10 0.01
12 5 §3,ï.2 25 0.01
13 5 §3,ï.4 25 0.01
14 5 §3,ï.5 25 0.01
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Ïðèëîæåíèå

Â ôàéëå

i:\users\studendts\libr\gauss.for

ñîäåðæèòñÿ ïðîãðàììà [4] äëÿ àíàëèçà è ðåøåíèÿ ñèñòåì ñ
íåâûðîæäåííûìè ìàòðèöàìè ìåòîäîì Ãàóññà.
Ïðîãðàììà ñîñòîèò èç îñíîâíîé ïðîãðàììû è äâóõ ïîäïðîãðàìì
DECOMP è SOLVE. Ïîäïðîãðàììà DECOMP îñóùåñòâëÿåò
ïðÿìîé õîä ìåòîäà Ãàóññà è îäíîâðåìåííî ïðîâîäèò îöåíêó cond
èñõîäíîé ìàòðèöû. Ïîäïðîãðàììà SOLVE èñïîëüçóåò ðåçóëüòàòû
ïîäïðîãðàììû DECOMP äëÿ ïîëó÷åíèÿ ðåøåíèÿ ñ ïðîèçâîëüíîé
ïðàâîé ÷àñòüþ.
Çàìåòèì, ÷òî çíà÷åíèÿ ïðàâûõ ÷àñòåé óñòàíàâëèâàþòñÿ ëèøü ïîñëå
òîãî, êàê âûÿñíèëîñü, ÷òî èñõîäíàÿ ìàòðèöà õîðîøî îáóñëîâëåíà.
Îáðàùåíèå ê ïîäïðîãðàììå DECOMP îñóùåñòâëÿåòñÿ îïåðàòîðîì
CALL DECOMP (NDIN,N,A,COND,IPVT,WORK)
Çäåñü âõîäíûìè ïàðàìåòðàìè ÿâëÿþòñÿ:
NDIN - çàÿâëåííàÿ ñòðî÷íàÿ ðàçìåðíîñòü ìàòðèöû À â îñíîâíîé
ïðîãðàììíîé åäèíèöå.
N - ïîðÿäîê ìàòðèöû À.
A(NDIM,N) - ìàòðèöà ñèñòåìû ðàçìåðà NDIM*N.
Âûõîäíûìè ïàðàìåòðàìè ÿâëÿþòñÿ:
WORK(N) - ðàáî÷èé ìàññèâ âåùåñòâåííîãî òèïà.
Îáðàùåíèå ê ïîäïðîãðàììå SOLVE îñóùåñòâëÿåòñÿ îïåðàòîðîì
CALL SOLVE (NDIM,N,A,B,IPVT)
Çäåñü ïàðàìåòðû NDIM,N,F,IPVT èìåþò òîò æå ñìûñë, ÷òî è â
ïðîãðàììå DECOMP.
Ìàññèâ B(N) ÿâëÿåòñÿ âåêòîðîì ïðàâûõ ÷àñòåé èñõîäíîé ñèñòåìû.
Ïîñëå âûïîëíåíèÿ ïîäïðîãðàììû â ìàññèâå B(N) ñîäåðæèòñÿ
âåêòîð ðåøåíèÿ x(N).
Îïèñàíèå âõîäíîé è âûõîäíîé èíôîðìàöèè ïðèâîäèòñÿ òàêæå â
òåêñòå ïðîãðàììû, áîëåå ïîäðîáíîå îïèñàíèå ñîäåðæèòñÿ â [4].
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C Èëëþñòðèðóþùàÿ ïðîãðàììà äëÿ ïîäïðîãðàì DECOMP è SOLVE

REAL A(10,10),B(10),WORK(10),COND,CONDP1
INTEGER IPVT(10), I, J, N, NDIM
NDIM=10
N=3
A(1,1)=10
A(2,1)=-3
A(3,1)=5
A(1,2)=-7
A(2,2)=2
A(3,2)=-1
A(1,3)=0
A(2,3)=6
A(3,3)=5
DO 1 I=1,N
WRITE(6,2) (A(I,J), J=1,N)
1 CONTINUE
2 FORMAT (1H,10F5.0)
WRITE (6,8)
CALL DECOMP(NDIM,N,A,COND,IPVT,WORK)
WRITE (6,3) COND

3 FORMAT (6H COND=, E15.5)
WRITE (6,8)
CONDP1=COND+1
IF (CONDP1.EQ.COND) WRITE (6,4)
4 FORMAT (40H MATRIX IS SINGULAR TO WORKING PRECISION)
IF (CONDP1 .EQ. COND) STOP
B(1)=7
B(2)=4
B(3)=6
DO 5 I=1,N
WRITE(6,2) B(I)
5 CONTINUE
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WRITE(6,8)
CALL SOLVE(NDIM,N,A,B,IPVT)
DO 6 I=1,N
WRITE (6,7) B(I)
6 CONTINUE
7 FORMAT (1H, F10.5)
STOP
8 FORMAT(1H )
END

C
SUBROUTINE DECOMP (NDIM,N,A,COND,IPVT,WORK)
C
INTEGER NDIM, N
REAL A(NDIM,N),COND,WORK(N)
INTEGER IPVT(N)

C
C Ïðîãðàììà âû÷èñëÿåò ðàçëîæåíèå âåùåñòâåííîé ìàòðèöû
C ïîñðåäñòâîì ãàóññîâà èñêëþ÷åíèÿ è îöåíèâàåò îáóñëîâëåííîñòü
C ìàòðèöû
C
C îíà èñïîëüçóåòñÿ äëÿ âû÷èñëåíèÿ ðåøåíèé ëèíåéíûõ ñèñòåì
C
C âõîäíàÿ èíôîðìàöèÿ..
C
C NDIM=çàÿâëåííàÿ ñòðî÷íàÿ ðàçìåðíîñòü ìàññèâà, ñîäåðæàùåãî A
C
C N=ïîðÿäîê ìàòðèö.
C
C A=ìàòðèöà, êîòîðóþ íóæíî ðàçëîæèòü.
C
C âûõîäíàÿ èíôîðìàöèÿ..
C
C A ñîäåðæèò âåðõíþþ òðåóãîëüíóþ ìàòðèöó U è ó÷èòûâàþùóþ
C ïåðåñòàíîâêè âåðñèþ íèæíåé òðåóãîëüíîé ìàòðèöû I-L, òàêèå,
C ÷òî (ìàòðèöà ïåðåñòàíîâîê) *A=L*U
C
C COND=îöåíêà îáóñëîâëåííîñòè A.
C äëÿ ëèíåéíîé ñèñòåìû A*X=B èçìåíåíèÿ â A è B ìîãóò âûçâàòü
C èçìåíåíèÿ â X, áîëüøèå â COND ðàç. Åñëè COND+1.0.EQ.COND, òî A
C â ïðåäåëàõ ìàøèííîé òî÷íîñòè ÿâëÿåòñÿ âûðîæäåííîé
C ìàòðèöåé. COND ïîëàãàåòñÿ ðàâíûì 1.0F+32, åñëè îáíàðóæåíà òî÷íàÿ
C âûðîæäåííîñòü.
C
C IPVT=âåêòîð âåäóùèõ ýëåìåíòîâ.
C IPVT(K)=èíäåêñ k-ãî âåäóùåé ñòðîêè
C IPVT(N)=(-1)**(÷èñëî ïåðåñòàíîâîê)
C
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C ðàáî÷åå ïîëå.. âåêòîð WORK äîëæåí áûòü îïèñàí è âêëþ÷åí â âûçîâ.
C åãî âõîäíîå ñîäåðæèìîå îáû÷íî íå äàåò âàæíîé èí-
C ôîðìàöèè.
C
C îïðåäåëèòåëü ìàòðèöû A ìîæåò áûòü ïîëó÷åí íà âûõîäå ïî ôîðìóëå
C DET(A)=IPVT(N)*A(1,1)*A(2,2)*...*A(N,N).
C
REAL EK,T, ANORM,YNORM,ZNORM
INTEGER NM1, I, J, K, KP1, KB, KM1, M

C
IPVT(N)=1
IF (N.EQ.1) GO TO 80
NM1=N-1

C
C âû÷èñëèòü 1-íîðìó ìàòðèöû A
C
ANORM=0.0
DO 10 J=1,N
T=0.0
DO 5 I=1,N
T=T+ABS(A(I,J))
5 CONTINUE
IF (T.GT.ANORM) ANORM=T
10 CONTINUE
C
C ãàóññîâî èñêëþ÷åíèå ñ ÷àñòè÷íûì âûáîðîì âåäóùåãî ýëåìåíòà
C
DO 35 K=1,NM1
KP1=K+1
C
C íàéòè âåäóùèé ýëåìåíò
C
M=K

DO 15 I=KP1,N
IF(ABS(A(I,K)).GT.ABS(A(M,K))) M=I
15 CONTINUE
IPVT(K)=M
IF (M.NE.K) IPVT(N)=-IPVT(N)
T=A(M,K)
A(M,K)=A(K,K)
A(K,K)=T
C
C ïðîïóñòèòü ýòîò øàã, åñëè âåäóùèé ýëåìåíò ðàâåí íóëþ
C
IF (T.EQ.0.0) GO TO 35

C
C âû÷èñëèòü ìíîæèòåëè
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C
DO 20 I=KP1,N
A(I,K)=-A(I,K)/T

20 CONTINUE
C
C ïåðñòàâëÿòü è èñêëþ÷àòü ïî ñòîëáöàì
C
DO 30 J=KP1,N
T=A(M,J)
A(M,J)=A(K,J)
A(K,J)=T
IF (T.EQ.0.0) GO TO 30
DO 25 I=KP1,N
A(I,J)=A(I,J)+A(I,K)*T
25 CONTINUE
30 CONTINUE
35 CONTINUE
C
C COND=(1-íîðìà ìàòðèöû A)*(îöåíêà äëÿ 1-íîðìû ìàòðèöû, îáðàòíîé
C ê A)
C îöåíêà ïîëó÷àåòñÿ ïîñðåäñòâîì îäíîãî øàãà ìåòîäà îáðàòíûõ
C èòåðàöèé äëÿ íàèìåíüøåãî ñèíãóëÿðíîãî âåêòîðà. Ýòî òðåáóåò
C ðåøåíèÿ äâóõ ñèñòåì óðàâíåíèé (òðàíñïîíèðîâàííàÿ äëÿ A)
C *Y=E i A*Z=Y,gde E- âåêòîð èç +1 i =1, âûáðàííûé òàê, ÷òîáû
C ìàêñèìèçèðîâàòü âåëè÷èíó Y.
C ESTIMATE=(1-íîðìà Z)/(1-íîðìà Y)
C
C ðåøèòü ñèñòåìó (òðàíñïîíèðîâàííàÿ äëÿ A)*Y=E
C
DO 50 K=1,N
T=0.0
IF(K.EQ.1) GO TO 45
KM1=K-1
DO 40 I=1,KM1
T=T+A(I,K)*WORK(I)
40 CONTINUE
45 EK=1.0
IF (T.LT.0.0) EK=-1.0
IF (A(K, K) .EQ. 0.0) GO TO 90
WORK(K)=-(EK+T)/A(K,K)
50 CONTINUE
DO 60 KB=1,NM1
K=N-KB
T=0.0
KP1=K+1
DO 55 I=KP1,N
T=T+A(I,K)*WORK(K)
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55 CONTINUE
WORK(K)=T
M=IPVT(K)
IF(M.EQ.K) GO TO 60
T=WORK(M)
WORK(M)=WORK(K)
WORK(K)=T
60 CONTINUE
C
YNORM=0.0
DO 65 I=1,N
YNORM=YNORM+ABS(WORK(I))
65 CONTINUE
C
C ðåøèòü ñèñòåìó A*Z=Y
C
CALL SOLVE(NDIM,N,A,WORK,IPVT)

C
ZNORM=0.0
DO 70 I=1,N
ZNORM=ZNORM+ABS(WORK(I))
70 CONTINUE
C
C îöåíèòü îáóñëîâëåííîñòü
C
COND=ANORM*ZNORM/YNORM
IF (COND.LT.1.0) COND=1.0
RETURN

C
C ñëó÷àé ìàòðèöû 1*1
C
80 COND=1.0
IF(A(1,1).NE.0.0) RETURN

C
C òî÷íàÿ âûðîæäåííîñòü
C
90 COND=1.0E+32
RETURN
END

SUBROUTINE SOLVE(NDIM,N,A,B,IPVT)
C
INTEGER NDIM,N,IPVT(N)
REAL A(NDIM,N),B(N)

C
C ðåøåíèå ëèíåéíîé ñèñòåìû A*X=B
C ïîäïðîãðàììó íå ñëåäóåò èñïîëüçîâàòü, åñëè DECOMP îáíàðóæèëà
C âûðîæäåííîñòü
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C
C âõîäíàÿ èíôîðìàöèÿ..
C
C NDIM=çàÿâëåííàÿ ñòðî÷íàÿ ðàçìåðíîñòü ìàññèâà, ñîäåðæàùåãî A.
C
C A=ôàêòîðèçîâàííàÿ ìàòðèöà, ïîëó÷åííàÿ èç DECOMP
C
C B=âåêòîð ïðàâûõ ÷àñòåé.
C
C IPVT=âåêòîð âåäóùèõ ýëåìåíòîâ, ïîëó÷åííûé èç DECOMP
C
C âûõîäíàÿ èíôîðìàöèÿ
C
C B=âåêòîð ðåøåíèÿ X.
C
INTEGER KB,KM1,NM1,KP1,I,K,M
REAL T

C
C ïðÿìîé õîä
C
IF(N.EQ.1)GO TO 50
NM1=N-1
DO 20 K=1,NM1
KP1=K+1
M=IPVT(K)
T=B(M)
B(M)=B(K)
B(K)=T
DO 10 I=KP1,N
B(I)=B(I)+A(I,K)*T
10 CONTINUE
20 CONTINUE
C
C îáðàòíàÿ ïîäñòàíîâêà
C
DO 40 KB=1,NM1
KM1=N-KB
K=KM1+1
B(K)=B(K)/A(K,K)
T=-B(K)
DO 30 I=1,KM1
B(I)=B(I)+A(I,K)*T
30 CONTINUE
40 CONTINUE
50 B(1)=B(1)/A(1,1)
RETURN
END
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