11.Şáńőćŋăï ćěàőïâŋőáâì. Ŋěğăćĺáĺňőáâì áőąëâĺľ.

Ŋăçŋěň á ŕàĺňěàă. Řăááňőâàĺň ğăďăçã á őďŋőłàăâŋëň ŕőďąàăáëćăŋĺěň áĺňňěâàĺçŋőčő łãąĺłă. Ććěďěň áőąëâĺï: A - ćëŕăďěŋĺě ďćãå őçłőć, B - ćëŕăďěŋĺě çěâŋőčő çĺáńă őçłőć. Ćěàőïâŋőáâĺ łăęďőčő ĺğ íâĺå áőąëâĺľ ńěčłő àăááçĺâăâì ŕő łńăááĺçěáłőľ áåěňě:

P (A) = 1 6 , P (B) = 3 6 = 1 2 . Ğăďăďĺň áěąě áńěďãîéĺľ ćőŕàőá: łăł ĺğňěŋĺâáï ćěàőïâŋőáâì áőąëâĺï A, ěáńĺ áâăńő ĺğćěáâŋő, çâő ŕàőĺğőèńő áőąëâĺě B, â.ě. ćëŕăńő çěâŋőě çĺáńő őçłőć ? Ŕàĺňěŋĺň áŋőćă łńăááĺçěáłãî áåěňã. Ůĺáńő ćőğňőęŋëå ĺáåőďőć ãňěŋìèĺńőáì - ĺå áâăńő 3: ćëŕăďěŋĺě ďćőľłĺ, çěâćěàłĺ, èěáâěàłĺ. Ŕőíâőňã ĺáłőňăï ćěàőïâŋőáâì àăćŋă 1/3.

Ŕěàěľďěň ł őąéěľ łńăááĺçěáłőľ áåěňě. Ŕãáâì ŕàőáâàăŋáâćő Ω áőďěàęĺâ n àăćŋőćőğňőęŋëå íńěňěŋâăàŋëå áőąëâĺľ. Řăááňőâàĺň áőąëâĺï A ĺ B á m ĺ k ąńăčőŕàĺïâáâćãîéĺňĺ ĺáåőďăňĺ áőőâćěâáâćěŋŋő. Ŕő łńăááĺçěáłőľ áåěňě

P (A) = m n , P (B) = k n . Ŋăľďěň ćěàőïâŋőáâì áőąëâĺï A ŕàĺ ãáńőćĺĺ, çâő áőąëâĺě B ŕàőĺğőèńő. Ąãďěň őąőğŋăçăâì ěě ďăńěě łăł P (A | B). Šőčďă, ŕő łńăááĺçěáłőľ áåěňě ěě áńěďãěâ őŕàěďěńĺâì łăł_{P (A | B) = r} k , čďě r - çĺáńő íńěňěŋâăàŋëå áőąëâĺľ, ąńăčőŕàĺïâáâćãîéĺå ĺ A ĺ B őďŋőćàěňěŋŋő, â.ě. ąńăčőŕàĺïâáâćãîéĺå áőąëâĺî AB. Ŋő âőčďă P (A | B) = r k = r/n k/n = P (AB) P (B) . Ŕěàěľďěň âěŕěàì ł őąéěňã őŕàěďěńěŋĺî.

Őŕàěďěńěŋĺě.

Ŕãáâì ğăďăŋő ćěàőïâŋőáâŋőě ŕàőáâàăŋáâćő ⟨Ω, ℑ, P ⟩ ĺ áőąëâĺï A, B ∈ ℑ. Ěáńĺ

P (B) > 0, âő ćěàőïâŋőáâì áőąëâĺï A ŕàĺ ãáńőćĺĺ, çâő ŕàőĺğőèńő áőąëâĺě B, ŋăğë-

ćăěňăï ãáńőćŋőľ ćěàőïâŋőáâìî, ŕőńăčăěâáï àăćŋőľ P (A | B) = P (AB) P (B) . Ŕãáâì áőąëâĺě B á P (B) > 0 äĺłáĺàőćăŋő. Ńěčłő ŕàőćěàĺâì, çâő äãŋłæĺï PB(A) =

P (AB)/P (B), őŕàěďěńěŋŋăï ďńï ćáěå A ∈ ℑ, ãďőćńěâćőàïěâ ăłáĺőňăň A1 − A3. Ğŋă-

çĺâ, ďńï ŋěě áŕàăćěďńĺćë ĺ ćáě áńěďáâćĺï, ćëâěłăîéĺě ĺğ ăłáĺőň.

Ććěďěŋŋőě ŕőŋïâĺě ãáńőćŋőľ ćěàőïâŋőáâĺ ŕőğćőńïěâ ěáâěáâćěŋŋëň őąàăğőň őŕàěďěńĺâì ŋěğăćĺáĺňőáâì áőąëâĺľ. Ć áăňőň ďěńě, àăćěŋáâćő P (A | B) = P (A),

ŕőłăğëćăîéěě, çâő ćěàőïâŋőáâì áőąëâĺï A ŋĺłăł ŋě ĺğňěŋïěâáï ŕàĺ ŋăáâãŕńěŋĺĺ áőąëâĺï B, áőčńăáãěâáï á ŋăèĺň ĺŋâãĺâĺćŋëň ŕàěďáâăćńěŋĺěň ő ŋěğăćĺáĺňőáâĺ áőąëâĺľ. Őďŋăłő, ğă őŕàěďěńěŋĺě ŋěğăćĺáĺňőáâĺ ąěàãâ áĺňňěâàĺçŋőě ãáńőćĺě, łőâőàőě ŕőńãçăěâáï ďőňŋőęěŋĺěň ŋă P (B) > 0.

Őŕàěďěńěŋĺě. Śőąëâĺï A ĺ B (A, B ∈ ℑ) ŋăğëćăîâáï ŋěğăćĺáĺňëňĺ, ěáńĺ P (AB) = P (A)P (B). Ŕàőáâěľèĺň ŕàĺňěàőň ŋěğăćĺáĺňëå áőąëâĺľ ňőęěâ áńãęĺâì ćëŕăďěŋĺě čěàąă ŕàĺ ŕěàćőň ąàőáăŋĺĺ ňőŋěâë ĺ ćëŕăďěŋĺě àěèłĺ ŕàĺ ćâőàőň ąàőáăŋĺĺ. Őďŋăłő, ňőęŋő ãłăğăâì âăłĺě áőąëâĺï ĺ ć íłáŕěàĺňěŋâě á őďŋőłàăâŋëň ŕőďąàăáëćăŋĺěň. Šăł, ŕàĺ őďŋőłàăâŋőň ąàőáăŋĺĺ ĺčàăńìŋőľ łőáâĺ âăłĺňĺ áőąëâĺïňĺ ąãďãâ: A - ćëŕăďěŋĺě çěâŋőčő çĺáńă őçłőć, B - ćëŕăďěŋĺě çĺáńă őçłőć, łàăâŋőčő âàěň. Ďěľáâćĺâěńìŋő,

P (A) = 1 2 , P (B) = 1 3 , P (AB) = P (ω_6) = 1 6 . Ŕãáâì ĺňěěâáï âàĺ ŕőŕăàŋő ŋěğăćĺáĺňëå áőąëâĺï A, B, C, â.ě. P (AB) = P (A)P (B), P (BC) = P (B)P (C), P (AC) = P (A)P (C). Ćőğŋĺłăěâ ćőŕàőá: ąãďěâ ńĺ ŕàĺ íâőň áŕàăćěďńĺćă áńěďãîéăï äőàňãńă P (ABC) = P (A)P (B)P (C) ? Őâćěâ ŋă ŋěčő ğăłńîçěŋ ć ĺğćěáâŋőň ŕàĺňěàě Ąěàŋèâěľŋă.

Ŕàĺňěà Ąěàŋèâěľŋă. Řăááňőâàĺň áńěďãîéĺľ íłáŕěàĺňěŋâ. Ŋă ŕńőáłőáâì ąàőáăěâáï âěâàăíďà, âàĺ čàăŋĺ łőâőàőčő ćëłàăèěŋë áőőâćěâáâćěŋŋő ć łàăáŋëľ, áĺŋĺľ ĺ ğěńěŋëľ æćěâă, ă ŋă çěâćěàâãî ŋăŋěáěŋë ćáě âàĺ æćěâă (âàĺłőńőà). Ŕãáâì R - áőąëâĺě, áőáâőïéěě ć âőň, çâő âěâàăíďà ãŕăń ŋă čàăŋì, áőďěàęăéãî łàăáŋëľ æćěâ; B - ãŕăń ŋă čàăŋì, áőďěàęăéãî áĺŋĺľ æćěâ; G - ãŕăń ŋă čàăŋì, áőďěàęăéãî ğěńěŋëľ æćěâ. Őŕàěďěńĺň ćěàőïâŋőáâĺ łăęďőčő ĺğ ććěďěŋŋëå áőąëâĺľ ŕő łńăááĺçěáłőľ áåěňě:

P (R) = 2 4 = 1 2 , P (B) = 1 2 , P (G) = 1 2 . Ćëçĺáńĺň âěŕěàì ćěàőïâŋőáâĺ ŕőŕăàŋëå ŕàőĺğćěďěŋĺľ áőąëâĺľ: P (RB) = 1 4 , P (RG) = 1 4 , P (BG) = 1 4 - ŕőáłőńìłã ďćă æćěâă őďŋőćàěňěŋŋő áőďěàęĺâ ńĺèì őďŋă čàăŋì (âàĺłőńőà).

Őâáîďă áńěďãěâ ŕőŕăàŋăï ŋěğăćĺáĺňőáâì áőąëâĺľ: P (RB) = P (R)P (B), P (RG) = P (R)P (G), P (BG) = P (B)P (G). Ć âő ęě ćàěňï, P (RBG) = 1 4 , ă P (R)P (B)P (G) =^1_2 ·^1_2 ·^1_2 =^1_8, ĺ, áńěďőćăâěńìŋő,_{P (RBG) ≠ P (R)P (B)P (G).}

Ććěďěň ŋőćőě őŕàěďěńěŋĺě, łăáăîéěěáï ŋěğăćĺáĺňőáâĺ áőąëâĺľ.

Őŕàěďěńěŋĺě. Śőąëâĺï A_1, A_2, . . . , A_n ∈ ℑ ŋăğëćăîâáï ćğăĺňŋő ŋěğăćĺáĺňëňĺ ĺńĺ ŋěğăćĺáĺňëňĺ ć áőćőłãŕŋőáâĺ, ěáńĺ ďńï ∀i1, i2, . . . , ik âăłĺå, çâő 1 ≤ i1 < i2 < . . . < i_k ≤ n (k = 2, 3, . . . , n), P (A_{i1} A_{i2} . . . A_{ik}) = P (A_{i1} ) P (A_{i2} ) . . . P (A_{ik} ) .

Ĺğ ćğăĺňŋőľ ŋěğăćĺáĺňőáâĺ áőąëâĺľ áńěďãěâ ĺå ŕőŕăàŋăï ŋěğăćĺáĺňőáâì. Őąàăâŋőě ŋěćěàŋő, çâő áńěďãěâ ĺğ àăááňőâàěŋŋőčő ŕàĺňěàă Ąěàŋèâěľŋă.

12.Šěőàěňë áńőęěŋĺï ĺ ãňŋőęěŋĺï ćěàőïâŋőáâěľ.

Ć áńěďáâćĺïå, ćëâěłăîéĺå ĺğ ăłáĺőň âěőàĺĺ ćěàőïâŋőáâěľ, ąëńă ďőłăğăŋă äőàňãńă ďńï ćěàőïâŋőáâĺ áãňňë ďćãå ŕàőĺğćőńìŋëå áőąëâĺľ A ĺ B: P (A ∪ B) = P (A) + P (B) − P (AB) . Ŕőŕëâăěňáï âěŕěàì ãáâăŋőćĺâì äőàňãńã ďńï ćěàőïâŋőáâĺ áãňňë ŕàőĺğćőńìŋőčő çĺáńă áőąëâĺľ. Ŋăçŋěň á áãňňë âàěå áőąëâĺľ A, B, C. Ććőďï ćàěňěŋŋőě ŕěàěőąőğŋăçěŋĺě D = B ∪ C, ć áőőâćěâáâćĺĺ á äőàňãńőľ ďńï áãňňë ďćãå áőąëâĺľ ĺňěěň ŕőáńěďőćăâěńìŋőáâì àăćěŋáâć: P (A ∪ B ∪ C) = P (A ∪ D) = P (A) + P (D) − P (AD) = = P (A) + P (B ∪ C) − P (A (B ∪ C)) = = P (A) + P (B) + P (C) − P (BC) − P (AB ∪ AC) = = P (A) + P (B) + P (C) − P (BC) − P (AB) − P (AC) + P (ABAC) . Şçĺâëćăï, çâő A^2 = A, őłőŋçăâěńìŋő ŋăåőďĺň: P (A ∪ B ∪ C) = P (A) + P (B) + P (C) − P (AB) − P (AC) − P (BC) + P (ABC) . Ŕő ăŋăńőčĺĺ á ŕőńãçěŋŋëň áőőâŋőèěŋĺěň ńěčłő ğăŕĺáăâì äőàňãńã ďńï ćěàőïâŋőáâĺ áãňňë n áőąëâĺľ A1, A2, . . . , An: P ( n⋃ i=1 A_i) = n∑ i=1 P (A_i) − ∑ 1≤i ∑ <j≤n P (A_iA_j)+

+ ∑ 1≤i ∑ <j ∑ <k≤n P (A_iA_jA_k) + . . . + (−1)^{n−1} P ( n⋂ k=1 A_k). İâã áńőęŋãî äőàňãńã ŋăğëćăîâ âěőàěňőľ áńőęěŋĺï ćěàőïâŋőáâěľ. Őŋă ďőłăğëćăěâáï ňěâőďőň ňăâěňăâĺçěáłőľ ĺŋďãłæĺĺ. Ć áńãçăě ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ:

A_iA_j = ∅ ŕàĺ i ≠ j äőàňãńă ŕàĺőąàěâăěâ ćĺď ăłáĺőňë łőŋěçŋőľ ăďďĺâĺćŋőáâĺ: P ( n⋃ i=1 A_i) = n∑ i=1 P (A_i) .

Ťőàňãńă ďńï ćěàőïâŋőáâĺ ŕàőĺğćěďěŋĺï ďćãå áőąëâĺľ áńěďãěâ ĺğ őŕàěďěńěŋĺï ãáńőćŋőľ ćěàőïâŋőáâĺ:_{P (AB) = P (A) P (B | A).}

Ďńï ŕàőĺğćěďěŋĺï âàěå áőąëâĺľ A, B, C, ććőďï ćàěňěŋŋőě ŕěàěőąőğŋăçěŋĺě D = AB, ĺňěěň:_{P (ABC) = P (DC) = P (D) P (C | D) = P (AB) P (C | AB) =} = P (A) P (B | A)P (C | AB). Ĺâăł,_{P (ABC) = P (A) P (B | A)P (C | AB).} Ďńï ŕàőĺğćěďěŋĺï n áőąëâĺľ A1, A2, . . . , An ŕő ăŋăńőčĺĺ ňőęŋő ğăŕĺáăâì: P ( n⋂ i=1 A_i) = P (A_1) P (A_2 | A_1)P (A_3 | A_1A_2) · . . . · P (A_n | A_1 . . . A_{n−1}).

İâă äőàňãńă ŋăğëćăěâáï âěőàěňőľ ãňŋőęěŋĺï ćěàőïâŋőáâěľ. Ďőłăęěň ěě ňěâőďőň ňăâěňăâĺçěáłőľ ĺŋďãłæĺĺ. Řăááňőâàĺň ćěàőïâŋőáâì ŕàőĺğćěďěŋĺï (n + 1) áőąë- âĺï P ( n+1⋂ i=1 A_i) = P (A_{n+1} · n⋂ i=1 A_i). Śőčńăáŋő äőàňãńăň ãáńőćŋőľ ćěàőïâŋőáâĺ ĺ ćěàőïâŋőáâĺ ŕàőĺğćěďěŋĺï n áőąëâĺľ P ( n+1⋂ i=1 A_i) = P ( n⋂ i=1 A_i)P (A_{n+1} | n⋂ i=1 A_i) =

= P (A_1) P (A_2 | A_1) · . . . · P (A_n | A_1 . . . A_{n−1})P (A_{n+1} | A_1 . . . A_{n−1}A_n),

çâő ĺ ďőłăğëćăěâ äőàňãńã ãňŋőęěŋĺï ćěàőïâŋőáâěľ.

Ğăňěâĺň, çâő ďńï ćğăĺňŋő ŋěğăćĺáĺňëå áőąëâĺľ A1, A2, . . . , An ćáě ãáńőćŋëě ćěàőïâŋőáâĺ ŕàěćàăéăîâáï ć ąěğãáńőćŋëě, ĺ äőàňãńă ãňŋőęěŋĺï ŕěàěåőďĺâ ć P ( n⋂ i=1 A_i) = n∏ i=1 P (A_i) . Ŕàĺňěà. Ğăďăçă ő ŋěőàčăŋĺğőćăŋŋëå ğàĺâěńïå.

Ć ğàĺâěńìŋőň ğăńě n ŕàőŋãňěàőćăŋŋëå ňěáâ, ĺ ćáě ąĺńěâë ŋă ćěçěàŋĺľ áŕěłâăłńì ŕàőďăŋë. Őďŋăłő ğàĺâěńĺ, ŕàĺďï ć âěăâà, àăááăęĺćăîâáï ŋě áőčńăáŋő łãŕńěŋŋëň ąĺńěâăň, ă áńãçăľŋëň őąàăğőň. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ŋĺ őďĺŋ ĺğ ğàĺâěńěľ ŋě áïďěâ ŋă ”áćőě” (ãłăğăŋŋőě ć ąĺńěâě) ňěáâő.

Ććěďěň áńěďãîéĺě áőąëâĺï: Ai - i-âëľ ğàĺâěńì áăďĺâáï ŋă ”áćőě” ňěáâő^(i = 1, n^); B - ŋĺ őďĺŋ ĺğ ğàĺâěńěľ ŋě áïďěâ ŋă ”áćőě” ňěáâő. Ąãďěň ĺáłăâì ćěàőïâŋőáâì ŕàőâĺćőŕőńőęŋőčő B áőąëâĺï^¯B, áőáâőïéěčő ć âőň, çâő åőâï ąë őďĺŋ ĺğ ğàĺâěńěľ áïďěâ ŋă ”áćőě” ňěáâő. İâő áőąëâĺě ïćńïěâáï áãňňőľ ććěďěŋŋëå áőąëâĺľ Ai

B̄ = A_1 ∪ A_2 ∪ . . . ∪ A_n.

Ŕàĺňěŋïï âěőàěňã áńőęěŋĺï ćěàőïâŋőáâěľ, ŋăľďěň: P (¯ B ) = n∑ k=1 (−1)^{k−1} ∑ 1≤i1< ∑ i2<... . . . ∑ <ik≤n P (A_{i1} A_{i2} · . . . · A_{ik}). Ćëçĺáńĺň ćěàőïâŋőáâĺ ŕàőĺğćěďěŋĺï áőąëâĺľ ŕő âěőàěňě ãňŋőęěŋĺï ćěàőïâŋőáâěľ, ŕàĺňěŋïï łńăááĺçěáłãî áåěňã:

P (A_{i1} ) = 1 n ďńï ∀i1;

P (A_{i1} A_{i2} ) = P (A_{i1} )P (A_{i2} | A_{i1} ) = 1 n · 1 n − 1 ďńï

∀i_1, i_2;

ĺ â.ď.

P (A_{i1} A_{i2} · . . . · A_{ik}) = P (A_{i1} )P (A_{i2} | A_{i1} ) · . . . · P (A_{ik} | A_{i1} · . . . · A_{ik}�_1 ) = = 1 n · 1 n − 1 · . . . · 1 n − (k − 1) = (n − k)! n! ďńï ∀i1, i2, . . . , ik. Ŕőďáâăćńïï ŋăľďěŋŋëě ćěàőïâŋőáâĺ ć ćëàăęěŋĺě ďńï P^{(¯}B^), ŕőńãçăěň: P (¯ B ) = n∑ k=1 (−1)^{k−1} (n − k)! n! ∑ 1≤i1< ∑ i2<... . . . ∑ <ik≤n 1. Ůĺáńő áńăčăěňëå ć áãňňě àăćŋő çĺáńã ćëąőàőł ąěğ ćőğćàăéěŋĺï k ŋőňěàőć ĺğ

(1, 2, . . . , n), őâńĺçăîéĺåáï áőáâăćőň, â.ě. áőćŕăďăěâ á çĺáńőň áőçěâăŋĺľ C^k_n. Ŕő-

íâőňã P (¯ B ) = n∑ k=1 (−1)^{k−1} (n − k)! n! C^k_n = n∑ k=1 (−1)^{k−1} k! . Šăłĺň őąàăğőň, ćěàőïâŋőáâì ĺáłőňőčő áőąëâĺï

P (B) = 1 − P (¯ B ) = 1 − n∑ k=1 (−1)^{k−1} k! = n∑ k=0 (−1)^k k! . Ğăňěâĺň, çâő ŕőńãçěŋŋëľ àïď ïćńïěâáï ąëáâàő áåőďïéĺňáï, ĺ ŕàĺ ąőńìèĺå n ŋăľďěŋŋăï ćěàőïâŋőáâì ŕàĺąńĺğĺâěńìŋő àăćŋă

P (B) = ∞∑ k=0 (−1)^k k! = 1 e ≈ 0, 37. 13.Ťőàňãńă ŕőńŋőľ ćěàőïâŋőáâĺ ĺ äőàňãńă Ąăľěáă.

Őŕàěďěńěŋĺě. Čőćőàïâ, çâő áőąëâĺï {H_1, H_2, . . . , H_n} őąàăğãîâ ŕőńŋãî čàãŕŕã ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ, ěáńĺ:

1) H_1 ∪ H_2 ∪ . . . ∪ H_n = Ω, 2) H_iH_j = ∅ ŕàĺ i ≠ j.

Šěőàěňă. Ŕãáâì A - ŕàőĺğćőńìŋőě áőąëâĺě ĺğ ăńčěąàë ℑ ĺ H_1, H_2, . . . , H_n

(H_i ∈ ℑ) - čàãŕŕă ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ: H_iH_j = ∅ ŕàĺ i ≠ j; ŕàĺçěň A ⊂ H_1 ∪ H_2 ∪ . . . ∪ H_n. Šőčďă ĺňěěâ ňěáâő äőàňãńă (P (H_k) > 0)

P (A) = n∑ k=1 P (H_k) P (A | H_k), ŋăğëćăěňăï äőàňãńőľ ŕőńŋőľ ćěàőïâŋőáâĺ.

Ďőłăğăâěńìáâćő: ĺğ ãáńőćĺï A ⊂ H_1 ∪ H_2 ∪ . . . ∪ H_n áńěďãěâ, çâő A = A(H_1 ∪ H_2 ∪ . . . ∪ H_n) = AH_1 ∪ AH_2 ∪ . . . ∪ AH_n. Őâáîďă ŕő ăłáĺőňě łőŋěçŋőľ ăďďĺâĺćŋőáâĺ ďńï ŋěáőćňěáâŋëå áőąëâĺľ ĺ őŕàěďěńěŋĺî ãáńőćŋőľ ćěàőïâŋőáâĺ

P (A) = P ( n⋃ k=1 AH_k) = n∑ k=1 P (AH_k) = n∑ k=1 P (H_k) P (A | H_k). ∗ Ğăňěçăŋĺě. Ŕőáłőńìłã ďńï ∀A ∈ ℑ : A ⊂ Ω äőàňãńă ŕőńŋőľ ćěàőïâŋőáâĺ áŕàăćěďńĺćă, ć çăáâŋőáâĺ, ďńï ŕőńŋőľ čàãŕŕë ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ.

Ŕàĺňěà. Ğăďăçă ő áâàăâěčĺĺ áďăçĺ íłğăňěŋă.

Śâãďěŋâ ŕàĺèěń ŋă íłğăňěŋ, ćëãçĺć m ąĺńěâőć ĺğ n. Ć łăłőň áńãçăě ěčő èăŋáë áďăâì íłğăňěŋ ćëèě: łőčďă őŋ ŕàĺåőďĺâ ŋă íłğăňěŋ ŕěàćëň ĺńĺ łőčďă ŕàĺåőďĺâ ćâőàëň ?

Ććěďěň áőąëâĺï A1 - áâãďěŋâ áďăáâ íłğăňěŋ, ŕàĺďï ŋă ŋěčő ŕěàćëň; A2 - áâãďěŋâ áďăáâ íłğăňěŋ, ŕàĺďï ŋă ŋěčő ćâőàëň. Śőćěàèěŋŋő ïáŋő, çâő

P (A_1) = m n . Ďńï őâëáłăŋĺï ćěàőïâŋőáâĺ P (A2) ŋěőąåőďĺňő ğŋăâì, łăłőľ ąĺńěâ ćëâăéĺń áâãďěŋâ, ŕàĺèěďèĺľ ŋă íłğăňěŋ ŕěàćëň. Ŕőíâőňã àăááňőâàĺň ŕőńŋãî čàãŕŕã ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ: H - áâãďěŋâ, ŕàĺèěďèĺľ ŋă íłğăňěŋ ŕěàćëň, ćëâăéĺń őďĺŋ ĺğ ”åőàőèĺå” ąĺńěâőć,^¯H - őŋ ćëâăéĺń őďĺŋ ĺğ ”ŕńőåĺå” ąĺńěâőć. Řăáŕĺáëćăï P (A2) ŕő äőàňãńě ŕőńŋőľ ćěàőïâŋőáâĺ, ŋăåőďĺň:

P (A_2) = P (H) P (A_2 | H) + P (¯ H ) P (A_2 | H̄) = = m n · m − 1 n − 1 + n − m n · m n − 1 = m (m − 1 + n − m) n (n − 1) = m n . Ŕőńãçĺńáï ďőćőńìŋő ŋěőęĺďăŋŋëľ őâćěâ: èăŋáë áďăâì íłğăňěŋ őłăğăńĺáì őďĺŋăłőćëňĺ. Ąőńěě âőčő, ěáńĺ ąë íâőâ áâãďěŋâ ŕàĺèěń ŋă íłğăňěŋ k-ëň, ćěàőïâŋőáâì áďăçĺ ĺň íłğăňěŋă őáâăńăáì ąë âőçŋő âăłőľ ęě.

Řăááňőâàĺň őŕïâì čàãŕŕã ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ {H1, H2, . . . , Hn}, łőâőàëě âàăłâãîâáï ć łăçěáâćě čĺŕőâěğ ő ŕàĺçĺŋăå ćőğŋĺłŋőćěŋĺï łăłőčő-âő ïćńěŋĺï. Ďăńěě áâăćĺâáï íłáŕěàĺňěŋâ, ć àěğãńìâăâě łőâőàőčő ŕàőĺáåőďĺâ ŋěłőâőàőě áőąëâĺě

A ⊂ H_1 ∪ H_2 ∪ . . . ∪ H_n. Ŕőĺŋâěàěáãěňáï, łăł ĺğňěŋĺńĺáì ćěàőïâŋőáâĺ čĺŕőâěğ ŕőáńě

ŋăáâãŕńěŋĺï áőąëâĺï A, â.ě. ćëçĺáńĺň ãáńőćŋëě ćěàőïâŋőáâĺ P (Hi | A).

Śőčńăáŋő őŕàěďěńěŋĺî ãáńőćŋőľ ćěàőïâŋőáâĺ

P (H_i | A) = P (AH_i) P (A) = P (H_i)P (A | H_i) P (A) . Ŕàĺňěŋïï ďńï P (A) äőàňãńã ŕőńŋőľ ćěàőïâŋőáâĺ, őłőŋçăâěńìŋő ŋăåőďĺň:

P (H_i | A) = P (H_i)P (A | H_i) n∑ k=1 P (H_k) P (A | H_k) . İâă äőàňãńă ąëńă ãáâăŋőćńěŋă ć 1750 č. Šőňăáőň Ąăľěáőň - ãçěŋĺłőň ďě Ňãăćàă, ŕőíâőňã ěě ŋăğëćăîâ äőàňãńőľ Ąăľěáă. Ťőàňãńă Ąăľěáă áćïğëćăěâ ăŕőáâěàĺőàŋëě (ŕőáńěőŕëâŋëě) ćěàőïâŋőáâĺ čĺŕőâěğ P (Hi | A) á ăŕàĺőàŋëňĺ (ďőőŕëâŋëňĺ) ćěàőïâŋőáâïňĺ P (Hi). Őŋă, łăł áńěďãěâ ĺğ ćëćőďă, ïćńïěâáï, äăłâĺçěáłĺ, ďàãčőľ äőàňőľ ğăŕĺáĺ äőàňãńë ŕőńŋőľ ćěàőïâŋőáâĺ ĺ äőàňãńë ďńï ãáńőćŋőľ ćěàőïâŋőáâĺ.

Ťőàňãńă Ąăľěáă ŕàěďáâăćńïěâ áőąőľ âěőàěňã ő ćěàőïâŋőáâïå ŕàĺçĺŋ. Ć ąőńìèĺŋáâćě ŕàĺňěŋěŋĺľ ăŕàĺőàŋëě ćěàőïâŋőáâĺ P (Hi) ŋěĺğćěáâŋë, ŕőíâőňã ĺå ďńï ŕàőáâőâë ŕőńăčăîâ őďĺŋăłőćëňĺ. Őďŋăłő, âăłőľ ŕőďåőď ŋě ćáěčďă ŕàĺěňńěň. Ŋěğŋăŋĺě ăŕàĺőàŋëå ćěàőïâŋőáâěľ őłăğăńőáì áâőńì àăğàãèĺâěńìŋëň ďńï őąőáŋőćăŋŋőáâĺ áâăâĺáâĺçěáłĺå ćëćőďőć ĺğ âěőàěňë Ąăľěáă, çâő íâă âěőàěňă ąëńă ŕàăłâĺçěáłĺ ĺáłńîçěŋă ĺğ áâăâĺáâĺçěáłĺå ĺááńěďőćăŋĺľ. Őďŋăłő, ć áěàěďĺŋě XX ćěłă ąăľěáőćáłĺľ ŕőďåőď ŕőńãçĺń àăğćĺâĺě. Śâăńĺ ŕőáńě łăęďőčő ŋăąńîďěŋĺï ăŕőáâěàĺőàŋëě ćěàőïâŋőáâĺ ŕěàěáçĺâëćăâì ĺ ŋă áńěďãîéěň èăčě ĺáŕőńìğőćăâì łăł ăŕàĺőàŋëě. İâő áŋĺğĺńő íääěłâ ăŕàĺőàŋőľ ŋěőŕàěďěńěŋŋőáâĺ.

Ŕàĺňěà. Ğăďăçă ő ďćãå áâãďěŋâăå.

Ŕàěŕőďăćăâěńì ňăâěňăâĺłĺ ďăń ďćãň áâãďěŋâăň ąőńìèőě łőńĺçěáâćő áâăŋďăàâŋëå ğăďăç ĺ ŕőŕàőáĺń ğă ăłăďěňĺçěáłĺľ çăá àěèĺâì ĺå łăł ňőęŋő ąőńìèě. Ĺğćěáâŋő, çâő ŕěàćëľ áâãďěŋâ (ŋăğőćěň ěčő ãáńőćŋő ”Čőńőćă”) àěèăěâ ć k àăğ ąőńìèě ğăďăç ŕő áàăćŋěŋĺî áő ćâőàëň áâãďěŋâőň (”Šőàňőğ”) ğă őďĺŋ ĺ âőâ ęě ŕàőňěęãâőł ćàěňěŋĺ. Ŕőáńě ĺáâěçěŋĺï ăłăďěňĺçěáłőčő çăáă ŕàěŕőďăćăâěńì áőąàăń àěèěŋŋëě ğăďăçĺ, ŕěàěňěèăń ĺå ĺ, ćëąàăć ŋăãčăď őďŋã, ŕàőćěàĺń. Ğăďăçă őłăğăńăáì àěèěŋŋőľ ŋěŕàăćĺńìŋő. Łăłőćă ćěàőïâŋőáâì âőčő, çâő íâã ğăďăçã àěèăń ŕěàćëľ áâãďěŋâ, ěáńĺ ŕàőæěŋâ ”ąàăłă” ã ŋěčő P1, ă ŕàőæěŋâ ”ąàăłă” ã ćâőàőčő áâãďěŋâă - P2 ?

Ććěďěň ďćě őçěćĺďŋëě čĺŕőâěğë: H1 - ğăďăçã àěèăń ŕěàćëľ áâãďěŋâ, H2 - ğăďăçã àěèăń ćâőàőľ áâãďěŋâ ĺ áőąëâĺě A - ćëąàăŋŋăï ğăďăçă àěèěŋă ŋěŕàăćĺńìŋő. Ŋăň ŋěőąåőďĺňő ŋăľâĺ ãáńőćŋãî ćěàőïâŋőáâì P (H1 | A).

Ŕőáłőńìłã H1H2 = ∅ ĺ A ⊂ H1 ∪ H2 áŕàăćěďńĺćă äőàňãńă Ąăľěáă

P (H_1 | A) =

P (H_1)P (A | H_1)

P (H_1) P (A | H_1) + P (H_2) P (A | H_2) . Ŋăľďěň ăŕàĺőàŋëě ćěàőïâŋőáâĺ P (H1) ĺ P (H2). Ďőŕãáâĺň, çâő ”Šőàňőğ” àěèĺń ğă ăłăďěňĺçěáłĺľ çăá m ğăďăç. Šőčďă ”Čőńőćă” àěèĺń m · k ğăďăç. Ć àěğãńìâăâě, áőčńăáŋő łńăááĺçěáłőľ áåěňě

P (H_1) = m · k m · k + m = k k + 1

, P (H_2) = 1 k + 1 .

Şçĺâëćăï, çâő ãáńőćŋëě ćěàőïâŋőáâĺ P (A | H1) = P1, P (A | H2) = P2, ĺňěěň:

P (H_1 | A) = kP_1 kP_1 + P_2 . 14.Śåěňă ŋěğăćĺáĺňëå ĺáŕëâăŋĺľ Ąěàŋãńńĺ.

Ŕàěďáâăćĺň áěąě, çâő ŕőáńěďőćăâěńìŋő ŕàőćőďïâáï n ĺáŕëâăŋĺľ, ć łăęďőň ĺğ łőâőàëå ĺŋâěàěáãîéěě ŋăá áőąëâĺě A ňőęěâ ŕàőĺğőľâĺ, ă ňőęěâ ĺ ŋě ŕàőĺğőľâĺ. Őŕëâë ŕőćâőàïîâáï ć őďŋĺå ĺ âěå ęě ãáńőćĺïå, ŕőíâőňã àěğãńìâăâ ŕàěďëďãéěčő őŕëâă ŋě ćńĺïěâ ŋă ŕőáńěďãîéĺľ. Ąãďěň âăłęě ŕàěďŕőńăčăâì, çâő ćěàőïâŋőáâì ŕőïćńěŋĺï áőąëâĺï A ŋě ğăćĺáĺâ őâ ŋőňěàă ĺáŕëâăŋĺï: P (A) = p. Šăłãî ŕőáńěďőćăâěńìŋőáâì ŋěğăćĺáĺňëå ĺáŕëâăŋĺľ ŋăğëćăîâ áåěňőľ Ąěàŋãńńĺ.

Őŕàěďěńĺň ćěàőïâŋőáâì áőąëâĺï Bk - ŕőïćńěŋĺï áőąëâĺï A àőćŋő k àăğ ć n ĺáŕëâăŋĺïå. Ŋăáâãŕńěŋĺě áőąëâĺï A ąãďěň ŋăğëćăâì ”ãáŕěåőň”, ă ěčő ŋěŕőïćńěŋĺě - ”ŋěãďăçěľ”.

Šěőàěňă. Ďńï ćěàőïâŋőáâĺ k ãáŕěåőć ć n ĺáŕëâăŋĺïå Ąěàŋãńńĺ áŕàăćěďńĺćă äőàňãńă_{P (B} k) = P_{k;n} = C^k_np^kq^{n−k}, čďě k = 0, 1, 2, . . . , n; q = 1 − p.

Ďőłăğăâěńìáâćő:

Ććěďěň ćáŕőňőčăâěńìŋëě áőąëâĺï Si - ãáŕěå ć i-âőň őŕëâě, Fj - ŋěãďăçă ć j-âőň ĺáŕëâăŋĺĺ. Ŕàĺ íâőň P (Si) = P (A) = p. Ŕőáłőńìłã Fj =^¯Sj, âő P (Fj) = P (^¯A) =

1 − p = q. İńěňěŋâăàŋëňĺ áőąëâĺïňĺ ć ďăŋŋőľ áåěňě ïćńïîâáï æěŕőçłĺ ćĺďă

ω = S_1S_2F_3 . . . F_{n−2}S_{n−1}F_n.

Łăęďăï ąńăčőŕàĺïâŋăï íńěňěŋâăàŋăï æěŕőçłă áőďěàęĺâ àőćŋő k ãáŕěåőć. Ćëàăğĺň áőąëâĺě Bk çěàěğ ŋĺå:

B_k = ⋃ (i1,i2,...,ik)⊂(1,2,...,n) S_{i1} S_{i2} . . . S_{ik} F_{ik+1} . . . F_{in}.

Łőńĺçěáâćő áńăčăěňëå ć áãňňě áőćŕăďăěâ á çĺáńőň ŋěãŕőàïďőçěŋŋëå ćëąőàőł k àăğńĺçŋëå çĺáěń ĺğ (1, 2, . . . , n), â.ě. á çĺáńőň áőçěâăŋĺľ C^k_n.

Śőčńăáŋő ăłáĺőňě łőŋěçŋőľ ăďďĺâĺćŋőáâĺ

P (B_k) = ∑ (i1,i2,...,ik)⊂(1,2,...,n) P (S_{i1} S_{i2} . . . S_{ik} F_{ik+1} . . . F_{in}) =

ĺ, ć áĺńã ŋěğăćĺáĺňőáâĺ áőąëâĺľ, őâŋőáïéĺåáï ł àăğŋëň ĺáŕëâăŋĺïň, = ∑ (i1,i2,...,ik)⊂(1,2,...,n) P (S_{i1} ) P (S_{i2} ) . . . P (S_{ik}) P ( F_{ik+1} ) . . . P (F_{in}) =

= ∑ (i1,i2,...,ik)⊂(1,2,...,n) p^kq^{n−k} = C^k_np^kq^{n−k}.

Ĺâăł, őłőŋçăâěńìŋő P_{k;n} = P (B_k) = C^k_np^kq^{n−k}. ∗ Šăłőě àăáŕàěďěńěŋĺě ŕőńãçĺńő ŋăğćăŋĺě ąĺŋőňĺăńìŋőčő ğăłőŋă.

Ğăňěçăï, çâő_{n⋃} k=0 B_k = Ω,

ŋăåőďĺň: P ( n⋃ k=0 B_k) = n∑ k=0 P (B_k) = n∑ k=0 C^k_np^kq^{n−k} = (p + q)^n = 1 = P (Ω).

Őâáîďă ĺ ŕàőĺáâěłăěâ ŋăğćăŋĺě ğăłőŋă.

Ŕàĺňěà. Łăł ĺčàăâì ć ŕàőĺčàëèŋãî ĺčàã.

Řăááňőâàĺň ŋěłőâőàãî ĺčàã á çěâŋëň çĺáńőň ŕăàâĺľ n = 2k, ŕàĺçěň łăęďăï ŕăàâĺï ćáěčďă ğăłăŋçĺćăěâáï ŕőąěďőľ őďŋőčő ĺğ ãçăáâŋĺłőć. Ŕãáâì ĺčàőł A ĺčàăěâ åãęě ĺčàőłă B, â.ě. őŋ ćëĺčàëćăěâ őâďěńìŋãî ŕăàâĺî á ćěàőïâŋőáâìî p < 1/2, ă ŕàőĺčàëćăěâ á ćěàőïâŋőáâìî q = 1 − p > 1/2. Ŕőďőąŋăï ĺčàă ďńï ĺčàőłă A áçĺâăěâáï ŕàőĺčàëèŋőľ. Ďőŕãáâĺň, çâő ĺčàőł A ĺňěěâ ćőğňőęŋőáâì ćëąĺàăâì łőńĺçěáâćő ŕăàâĺľ n. Łăł ěňã ŕőáâãŕĺâì, ěáńĺ ďńï őąéěľ ŕőąěďë ńîąőňã ĺğ ãçăáâŋĺłőć ŋãęŋő ćëĺčàăâì ąőńìèě ŕőńőćĺŋë ŕăàâĺľ ?

Ŋă ŕěàćëľ ćğčńïď, łăęěâáï őçěćĺďŋëň áńěďőćăŋĺě őąéěňã ŕàĺŋæĺŕã: ”Ůěň àăŋìèě ňë ŕàěłàăâĺň ŕàőĺčàëèŋãî ĺčàã, âěň ńãçèě ďńï ŋăá”. Ŕőíâőňã ĺčàőłã A áńěďãěâ ćëąàăâì ňĺŋĺňăńìŋő ćőğňőęŋőě łőńĺçěáâćő ŕăàâĺľ n = 2. Őďŋăłő, ŕőďőąŋăï áâàăâěčĺï ŋě ćáěčďă ïćńïěâáï őŕâĺňăńìŋőľ.

Ć áăňőň ďěńě. Řăááňăâàĺćăěňăï ğăďăçă ŕőďŕăďăěâ ŕőď áåěňã ŋěğăćĺáĺňëå ĺáŕëâăŋĺľ Ąěàŋãńńĺ, ŕőíâőňã ćěàőïâŋőáâì őąéěľ ŕőąěďë ĺčàőłă A àăćŋă

P_A = P_{k+1;2k} + P_{k+2;2k} + . . . + P_{2k;2k} = 2k∑ i=k+1 C^i_{2k}p^iq^{2k−i}. Őŕâĺňăńìŋőě łőńĺçěáâćő ŕăàâĺľ n ŋãęŋő ćëąĺàăâì ĺğ ãáńőćĺï ňăłáĺňãňă ćěàőïâŋőáâĺ PA, łőâőàăï ïćńïěâáï äãŋłæĺěľ ďĺáłàěâŋőčő ŕăàăňěâàă k ĺ ŋěŕàěàëćŋőčő ŕăàăňěâàă p (0 < p < 1/2) : PA = W2k (p). Ŕőáłőńìłã çĺáńő ĺčàăěňëå ŕăàâĺľ çěâŋő, ŋěőąåőďĺňő áàăćŋĺâì ćěàőïâŋőáâĺ ćëĺčàëèă ďńï 2k − 2 ĺ 2k ŕăàâĺľ, â.ě. àěèĺâì ŋěàăćěŋáâćő_{W2k (p)}

W_{2k−2} (p) > 1 ĺńĺ_W 2k (p) − W_{2k−2} (p) > 0. Ğăŕĺèěň ćëàăęěŋĺě ďńï W2k (p) ć ĺŋâěčàăńìŋőľ äőàňě. Ďĺääěàěŋæĺàãï W2k (p) ŕő p, ŋăľďěň:

W^′_{2k} (p) = 2k∑ i=k+1 C^i_{2k}ip^{i−1}q^{2k−i} − 2k−1∑

i=k+1 C^i_{2k} (2k − i) p^iq^{2k−i−1} =

= 2k · (_{2k} ∑ i=k+1 C^{i−1}_{2k−1}p^{i−1}q^{2k−i} − 2k−1∑

i=k+1 C^i_{2k−1}p^iq^{2k−i−1} ) . Ňěŋïï ć ŕěàćőľ áãňňě ĺŋďěłá áãňňĺàőćăŋĺï i − 1 = m, ŕőńãçăěň ŕàőáâőľ àěğãńìâăâ:

W^′_{2k} (p) = 2kC^k_{2k−1}p^kq^{k−1} = kC^k_{2k}p^kq^{k−1}.

Ĺŋâěčàĺàãï ŕő p íâő áőőâŋőèěŋĺě á ãçěâőň âőčő, çâő W2k (0) = 0, ĺňěěň:

W_{2k} (p) = kC^k_{2k} p∫ 0 t^k (1 − t)^{k−1} dt. Ŕőďáâăćńïï íâő ćëàăęěŋĺě ć ŋěàăćěŋáâćő ĺ őąêěďĺŋïï ĺŋâěčàăńë, ŕàĺďěň ł p∫ 0 t^{k−1} (1 − t)^{k−2} [ t (1 − t) − k − 1 2 (2k − 1) ] dt > 0. Ćåőďïéĺľ ć ŋěàăćěŋáâćő ĺŋâěčàăń ćëçĺáńïěâáï. Ąãďěň ĺáłăâì ěčő ğŋăçěŋĺě ć ćĺďě p∫ 0 t^{k−1} (1 − t)^{k−2} [ t (1 − t) − k − 1 2 (2k − 1) ] dt = p^kq^{k−1}F (p) , čďě F (p) - ŋěĺğćěáâŋăï äãŋłæĺï. Ďĺääěàěŋæĺàãï ŕő p őąě çăáâĺ àăćěŋáâćă, ŕőńãçĺň: p^kq^{k−1} − p^{k−1}q^{k−2} k − 1 2 (2k − 1) = kp^{k−1}q^{k−1}F (p) − (k − 1) p^kq^{k−2}F (p) + p^kq^{k−1}F^′ (p) . Ŕőáńě áőłàăéěŋĺï őąěĺå çăáâěľ ŋă p^{k−1}q^{k−2}, ŕàĺďěň ł áńěďãîéěňã ďĺääěàěŋæĺăńìŋőňã ãàăćŋěŋĺî ŕěàćőčő ŕőàïďłă ďńï ŋěĺğćěáâŋőľ äãŋłæĺĺ F (p) :

pq [F^′ (p) − 1] + [(2k − 1) q − (k − 1)] F (p) = − k − 1 2 (2k − 1) . Ŕőĺéěň àěèěŋĺě ãàăćŋěŋĺï ć ćĺďě ńĺŋěľŋőľ äãŋłæĺĺ F (p) = ap + b. Ŕőďáâăŋőćłă íâőčő ćëàăęěŋĺï ďăěâ: (2ka − 1) pq + (2k − 1) qb − pa (k − 1) − (k − 1) b = − k − 1 2 (2k − 1) . Ŕàĺàăćŋĺćăï áńěćă ĺ áŕàăćă łőíääĺæĺěŋâë ŕàĺ pq (â.ě. ŕàĺ p^2) ĺ ŕàĺ p, ŋăľďěň:

2ka − 1 = 0, − (k − 1) a − (2k − 1) b = 0,

őâłãďă a = 1 2k , b = − k − 1 2k (2k − 1) .

Śàăćŋĺň őáâăćèĺěáï áćőąőďŋëě çńěŋë (ŋě áőďěàęăéĺě p) ć ńěćőľ ĺ ŕàăćőľ çăáâïå ãàăćŋěŋĺï: kb = − k − 1 2 (2k − 1) =⇒ b = − k − 1 2k (2k − 1) . İâő áőčńăáãěâáï á ćëàăęěŋĺěň ďńï b. Šăłĺň őąàăğőň, àěèěŋĺěň ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï ïćńïěâáï äãŋłæĺï

F (p) = 1 2k ( p − k − 1 2k − 1 ) . Ŕőďáâăćńïï ŋăľďěŋŋőě ğŋăçěŋĺě ĺŋâěčàăńă ć ŋěàăćěŋáâćő, ŕàĺďěň ł 1 2k p^kq^{k−1} ( p − k − 1 2k − 1 ) > 0 ĺńĺ p > k − 1 2k − 1 . Ŕőńãçĺň őâáîďă őčàăŋĺçěŋĺě ŋă łőńĺçěáâćő ŕăàâĺľ n = 2k : 2kp − p > k − 1 =⇒ k (1 − 2p) < 1 − p =⇒ 2k < 2 − 2p 1 − 2p . Šăłĺň őąàăğőň, őłőŋçăâěńìŋő

n < 1 + 1 1 − 2p . Őŕàěďěńĺň, ŕàĺ łăłĺå ćěàőïâŋőáâïå p őŕâĺňăńìŋőľ ïćńïěâáï ĺčàă ĺğ ďćãå ŕăàâĺľ.

Ďńï íâőčő áàăćŋĺň ŕàăćãî çăáâì ŋěàăćěŋáâćă á 4 : 1 1 − 2p < 3 =⇒ p < 1 3 . Ĺâăł, ŕőďőąŋăï áâàăâěčĺï őŕâĺňăńìŋă, ěáńĺ ĺčàőł A ĺčàăěâ łăł ňĺŋĺňãň ć ďćă àăğă åãęě ĺčàőłă B. Ńěčłő ŕőłăğăâì, çâő ďńï 1/3 ≤ p < 2/5 őŕâĺňăńìŋőľ ãęě ïćńïěâáï ĺčàă ĺğ çěâëàěå ŕăàâĺľ. Ěáńĺ ęě p ąńĺğłő ł 0.5, â.ě. ĺčàőłĺ ŕàĺąńĺğĺâěńìŋő àăćŋë ŕő áĺńăň, âő n ňőęěâ ąëâì ćěńĺłő. Šăł, ŕàĺ p = 0.45 áńěďãěâ ĺčàăâì ãęě 10 ŕăàâĺľ. Ŕőńĺŋőňĺăńìŋëľ ğăłőŋ.

Őąőąéěŋĺěň áåěňë Ąěàŋãńńĺ ïćńïěâáï áńěďãîéăï áåěňă ĺáŕëâăŋĺľ. Ŕàőĺğćőďĺâáï n ŋěğăćĺáĺňëå ĺáŕëâăŋĺľ ĺ àăááňăâàĺćăěâáï ŕőńŋăï čàãŕŕă ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ {H1, H2, . . . , Hk}. Ćěàőïâŋőáâì ńîąőčő ĺğ áőąëâĺľ P (Hi) = pi ĺ ŋě ğăćĺáĺâ őâ ŋőňěàă ĺáŕëâăŋĺï. Őŕàěďěńĺň ćěàőïâŋőáâì âőčő, çâő ć n ĺáŕëâăŋĺïå áőąëâĺě H1 ŕàőĺğőľďěâ m1 àăğ, áőąëâĺě H2 - m2 àăğ, ĺ â.ď., áőąëâĺě Hk - mk àăğ. Ŕőáłőńìłã ć łăęďőň ĺáŕëâăŋĺĺ őáãéěáâćńïěâáï ńĺèì łăłőě-âő őďŋő ĺğ áőąëâĺľ H_1, H_2, . . . , H_{k k} ∑ i=1 m_i = n.

Řăááňăâàĺćăěňőňã áőąëâĺî ąńăčőŕàĺïâáâćãîâ őŕàěďěńěŋŋëě ŕőáńěďőćăâěńìŋőáâĺ ŕàőĺğćěďěŋĺľ áőąëâĺľ H1, H2, . . . , Hk, ŕàőáâěľèěľ ĺğ łőâőàëå ïćńïěâáï

H_1 . . . H_1 m1 · H_2 . . . H_2 m2 · . . . · H_k . . . H_k mk . Ć áĺńã ŋěğăćĺáĺňőáâĺ ĺáŕëâăŋĺľ ćěàőïâŋőáâì ŕőïćńěŋĺï âăłőľ ŕőáńěďőćăâěńìŋőáâĺ àăćŋă_{pm1}

1 p^{m2}_2 . . . p^{mk}_k .

Ŕőáłőńìłã ćáě őáâăńìŋëě ąńăčőŕàĺïâáâćãîéĺě ŕőáńěďőćăâěńìŋőáâĺ ŕőńãçăîâáï ĺğ ãłăğăŋŋőľ ćáěćőğňőęŋëňĺ ŕőŕăàŋëňĺ ŕěàěáâăŋőćłăňĺ áőąëâĺľ Hi, ćěàőïâŋőáâì ĺå ŕőïćńěŋĺï őáâăěâáï âăłőľ ęě. Ğŋăçĺâ, ŕő âěőàěňě áńőęěŋĺï ćěàőïâŋőáâěľ ĺáłőňăï ćěàőïâŋőáâì ŕőńãçăěâáï ãňŋőęěŋĺěň ćěàőïâŋőáâĺ p^{m1}_1 p^{m2}_2 . . . p^{mk}_k ŋă çĺáńő ąńăčőŕàĺïâáâćãîéĺå ŕőáńěďőćăâěńìŋőáâěľ áőąëâĺľ Hi.

Ŕőďáçĺâăěň íâő çĺáńő ŋă őáŋőćě ŕàőáâěľèěľ ĺğ ŕőáńěďőćăâěńìŋőáâěľ. Ůĺáńő ćáěćőğňőęŋëå ŕěàěáâăŋőćőł áőąëâĺľ ć íâőľ ŕőáńěďőćăâěńìŋőáâĺ àăćŋő n!, ŋő ŕőáłőńìłã, ŕőňěŋïć ňěáâăňĺ ďćă őďĺŋăłőćëå áőąëâĺï Hi, ňë ŋě ŕőńãçăěň ŋőćőľ ŕőáńěďőćăâěńìŋőáâĺ, âő çĺáńő n! ŋěőąåőďĺňő ãňěŋìèĺâì ć m1!m2! . . . mk! àăğ. Šăłĺň őąàăğőň, őłőŋçăâěńìŋő ďńï ĺáłőňőľ ćěàőïâŋőáâĺ ŕőńãçăěň: P_{m1,m2,...,mk;n} = n! m_1!m_2! . . . m_k!

p^{m1}_1 p^{m2}_2 . . . p^{mk}_k .

İâă äőàňãńă ŋăğëćăěâáï ŕőńĺŋőňĺăńìŋëň ğăłőŋőň ĺńĺ ćěàőïâŋőáâìî áńőęŋőčő áő-

ąëâĺï.

Ŕőłăęěň, łăł őâáîďă ŕőńãçăěâáï ąĺŋőňĺăńìŋëľ ğăłőŋ. Ŕãáâì âàěąãěâáï őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő áőąëâĺě A, ćěàőïâŋőáâì ŕőïćńěŋĺï łőâőàőčő ć őâďěńìŋőň ĺáŕëâăŋĺĺ àăćŋă p, ŕàőĺğőľďěâ k àăğ ć n ĺáŕëâăŋĺïå. Řăááňőâàĺň ŕőńŋãî čàãŕŕã ŕőŕăàŋő ŋěáőćňěáâŋëå áőąëâĺľ A,^¯A. Šőčďă, ŕőďáâăćńïï ć ŕőńĺŋőňĺăńìŋëľ ğăłőŋ

p_1 = P (A) = p, p_2 = P (¯ A ) = 1 − p = q, m_1 = k, m_2 = n − k, ŕàĺďěň ł

P_{k;n} = n! k! (n − k)! p^kq^{n−k} = C^k_np^kq^{n−k}. 15.Ŕàěďěńìŋëě âěőàěňë ć áåěňě Ąěàŋãńńĺ.

Ć ŕàĺńőęěŋĺïå çăáâő ŕàĺåőďĺâáï ćëçĺáńïâì ćěàőïâŋőáâĺ àăğńĺçŋëå áőąëâĺľ, áćïğăŋŋëå á çĺáńőň ãáŕěåőć ć n ĺáŕëâăŋĺïå Ąěàŋãńńĺ, ŕàĺ ąőńìèĺå ğŋăçěŋĺïå n. Ć íâőň áńãçăě ćëçĺáńěŋĺï ŕő äőàňãńě P_{k;n} = C^k_np^kq^{n−k} áâăŋőćïâáï ćěáìňă ğăâàãďŋĺâěńìŋëňĺ. Śĺâãăæĺï ěéě ąőńěě ãáńőęŋïěâáï, łőčďă ŕàĺåőďĺâáï áãňňĺàőćăâì ãłăğăŋŋëě ćěàőïâŋőáâĺ. Ŕőíâőňã èĺàőłőě àăáŕàőáâàăŋěŋĺě ŋă ŕàăłâĺłě ŕőńãçĺńĺ ŕàĺąńĺęěŋŋëě ăáĺňŕâőâĺçěáłĺě äőàňãńë.

Šěőàěňă Ŕãăááőŋă (ďńï àěďłĺå áőąëâĺľ).

Ěáńĺ n → ∞ ĺ p → 0 âăł, çâő np → λ (0 < λ < ∞), âő

P_{k;n} = C^k_np^kq^{n−k} → P_k (λ) = λ^k k! e^{−λ} ŕàĺ ńîąőň ŕőáâőïŋŋőň k : k = 0, 1, 2, . . ..

Ďőłăğăâěńìáâćő: àăááňőâàĺň ŕàěďěń P_{k;n} ŕàĺ n → ∞.

lim_{n→∞} P_{k;n} = lim_{n→∞} C^k_np^kq^{n−k} = lim_{n→∞} n! k! (n − k)! ( λ n )_k ( 1 − λ n )_{n−k} =

= λ^k k! lim_{n→∞} n (n − 1) · . . . · (n − k + 1) n · n · . . . · n ( 1 − λ n )_{n−k} = = λ^k k! lim_{n→∞} ( 1 − 1 n ) ( 1 − 2 n ) . . . ( 1 − k − 1 n ) (1 − λ/n)^n (1 − λ/n)^k =

= λ^k k! lim_{n→∞} ( 1 − λ n )_n = λ^k k! e^{−λ}. ∗ Ĺâăł, ć ŕàěďěńìŋőň áńãçăě őâŋőáĺâěńìŋő àěďłĺå áőąëâĺľ ďńï ćěàőïâŋőáâĺ k ãáŕěåőć ŕőńãçăěâáï áńěďãîéăï äőàňãńă:

P_k = λ^k k! e^{−λ}. İâő - âăł ŋăğëćăěňëľ ğăłőŋ Ŕãăááőŋă. Ŋă ŕàăłâĺłě ďăŋŋãî äőàňãńã ŕàĺňěŋïîâ ďńï àăáçěâőć Pk;n ďńï ąőńìèĺå, ŋő łőŋěçŋëå n ĺ ňăńëå p.

Ŕàĺňěà. Řăááňőâàĺň ŕàĺňěà ŋă áåěňã Ąěàŋãńńĺ ĺ ğăłőŋ Ŕãăááőŋă. Šàěąãěâáï ãğŋăâì, áłőńìłő àăğ ŋãęŋő áëčàăâì ć ńőâěàěî ”Řãááłőě ńőâő”, ŕőłãŕăï ŕő őďŋőňã ąĺńěâã ć łăęďőň âĺàăęě, çâőąë ćěàőïâŋőáâì Ćăèěčő ćëĺčàëèă ŕàěćëáĺńă ğăďăŋŋőě ğŋăçěŋĺě α ?

Őæěŋĺň áŋăçăńă ćěńĺçĺŋã p - ćěàőïâŋőáâì ćëĺčàëèă ŕő őďŋőňã ąĺńěâã ć őâďěńìŋőň âĺàăęě. Ěáńĺ ŋě ãçĺâëćăâì ćáïłĺě ňěńłĺě ďěâăńĺ, âő Ćăè ąĺńěâ ćëĺčàăěâ çâő-âő (őâ 100 àãą. ďő 350 000 àãą.), ěáńĺ ŋă ŋěň ğăłàőîâáï ćáě 30 ŋőňěàőć. Ć őąëçŋőň âĺàăęě ŋě ćëŕăďăîâ 8 ąőçőŋłőć ĺğ 90. Ŕőíâőňã ŕő łńăááĺçěáłőľ áåěňě p = C^{52}_{60} C^{82}_{90} = 60 · 59 · . . . · 54 · 53 90 · 89 · . . . · 84 · 83

≃ 0.033 = 1 30 . Łăł ćĺďĺň, ćěàőïâŋőáâì ãáŕěåă ňăńă, ĺ ňőęŋő ŕőńìğőćăâìáï ďńï ŕőďáçěâă łăł ŋěŕőáàěďáâćěŋŋő äőàňãńőľ Ąěàŋãńńĺ, âăł ĺ äőàňãńőľ Ŕãăááőŋă.

Ťőàňãńă Ąěàŋãńńĺ.

P_α = 1 − q^n > α =⇒ q^n < 1 − α =⇒ n ln q < ln (1 − α) =⇒ =⇒ n > ln (1 − α) ln q .

Ťőàňãńă Ŕãăááőŋă. P_α = 1 − e^{−λ} > α =⇒ e^{−λ} < 1 − α =⇒ −λ < ln (1 − α) =⇒ =⇒ λ > − ln (1 − α) =⇒ n > − ln (1 − α) p . Őâńĺçĺě ć ğŋăňěŋăâěńïå ćëàăęěŋĺľ, ŋő ŕőáłőńìłã p ≪ 1

ln q = ln (1 − p) ≃ −p − p^2 2 ≃ −p, ĺ őąě äőàňãńë ďăîâ őďĺŋ ĺ âőâ ęě àěğãńìâăâ. Ŕőíâőňã ďńï àěèěŋĺï ğăďăçĺ ňőęŋő ŕàĺňěŋïâì ńîąãî áåěňã. Šăł ďńï α = 0.5 n > 21, ďńï α = 0.9 n > 69.

Ğăňěâĺň, çâő ŕàĺ ňăńëå q ňőęŋő ŕőńìğőćăâìáï äőàňãńőľ Ŕãăááőŋă ďńï çĺáńă ŋěãďăç. Ěáńĺ ęě p ĺ q ğăňěâŋő őâńĺçăîâáï őâ ŋãńï, âő ŕàĺňěŋïîâ ńőłăńìŋãî ĺ ĺŋâěčàăńìŋãî âěőàěňë Ňãăćàă-Ńăŕńăáă.

Ńőłăńìŋăï âěőàěňă Ňãăćàă-Ńăŕńăáă.

Ěáńĺ n → ∞, ă ćěàőïâŋőáâì p ŕőáâőïŋŋă (0 < p < 1), ćěńĺçĺŋă xk = (k − np) / √ npq àăćŋőňěàŋő őčàăŋĺçěŋă ŕő k ĺ n (−∞ < a ≤ xk ≤ b < +∞), âő: P_{k;n} ≈ 1 √ 2πnpq exp { − (k − np)^2 2npq } . Ďőłăğăâěńìáâćő: ćőáŕőńìğãěňáï ăáĺňŕâőâĺçěáłőľ äőàňãńőľ Śâĺàńĺŋčă: n! ≃ (n e )_n √ 2πn, őâłãďă áńěďãěâ, çâő_{ln n! ≃ n ln n − n + ln √2πn.}

Ŕàőńőčăàĺäňĺàãěň äőàňãńã ďńï ąĺŋőňĺăńìŋőčő àăáŕàěďěńěŋĺï.

ln P_{k;n} = ln C^k_n + k ln p + (n − k) ln q.

Řăááňőâàĺň őâďěńìŋő_{ln Ck}

n = ln n! − ln k! − ln (n − k)! Ŕőáłőńìłã, k = np + xk^√npq, âő n − k = n − np + xk^√npq = nq − xk^√npq. Ć áĺńã łőŋěçŋőáâĺ p ĺ q ĺ àăćŋőňěàŋőľ őčàăŋĺçěŋŋőáâĺ xk ŕàĺ n → ∞ : k → ∞ ĺ

(n − k) → ∞. Ć àěğãńìâăâě ďńï ćëçĺáńěŋĺï ln C^k_n ňë ĺňěěň ŕàăćő ŕàĺňěŋĺâì âàĺ

àăğă ćëèěãŕőňïŋãâãî äőàňãńã Śâĺàńĺŋčă:

ln C^k_n ≃ n ln n − n + ln √ 2πn − k ln k + k − ln √ 2πk− − (n − k) ln (n − k) + (n − k) − ln √ 2π (n − k) = = ln √ n 2πk (n − k) + n ln n − k ln k − (n − k) ln (n − k) .

Ŕőďáâăćĺň ćáě ć ĺáåőďŋőě áőőâŋőèěŋĺě

ln P_{k;n} ∼= ln √ n 2πnpnq + n ln n − k ln k p − (n − k) ln n − k q =

= ln ( 1 √ 2πnpq ) + n ln n − k ln [ n ( 1 + x_k √ q np )] − (n − k) ln [ n ( 1 − x_k √ p nq )] = = ln ( 1 √ 2πnpq ) − np ( 1 + x_k √ q np ) ln ( 1 + x_k √ q np ) − −nq ( 1 − x_k √ p nq ) ln ( 1 − x_k √ p nq ) . Ćőáŕőńìğãěňáï ŕàĺąńĺęěŋŋőľ äőàňãńőľ:

ln (1 + z) ∼= z − z^2 2 ŕàĺ |z| ≪ 1. Šőčďă,

(1 + z) ln (1 + z) ∼= z (1 + z) ( 1 − z 2 ) ∼= z ( 1 + z 2 ) . Ĺáŕőńìğãï íâőâ àěğãńìâăâ ć äőàňãńě ďńï ln Pk;n, ĺňěěň:

ln P_{k;n} ∼= ln ( 1 √ 2πnpq ) − npx_k √ q np ( 1 + x_k 2 √ q np ) + nqx_k √ p nq ( 1 − x_k 2 √ p nq ) =

= ln ( 1 √ 2πnpq ) − x_k √ npq ( 1 + x_k 2 √ q np − 1 + x_k 2 √ p nq ) = = ln ( 1 √ 2πnpq ) − x^2_k 2 (p + q) = ln ( 1 √ 2πnpq ) − x^2_k 2 . Šăłĺň őąàăğőň, P_{k;n} ∼= 1 √ 2πnpq exp ( − x^2_k 2 ) . ∗ Ćëćěďěŋŋãî äőàňãńã çăáâő ĺáŕőńìğãîâ ďńï ŕàĺąńĺęěŋŋëå àăáçěâőć ŕàĺ n > 100 ĺ ŕàĺ npq > 20. Ěě ŕàĺňěŋěŋĺě őŕâĺňăńìŋő ŕàĺ p = q = 1/2 (őŕëâë á ąàőáăŋĺïňĺ áĺňňěâàĺçŋőľ ňőŋěâë). Ŕàĺ ňăńëå ęě p ĺńĺ q őŋă ďăěâ ąőńìèĺě őèĺąłĺ.

Ć áńãçăě p = q = 1/2 ĺ çěâŋőčő çĺáńă ĺáŕëâăŋĺľ 2n ĺňěěň: P_{k;2n} ∼= 1 √ πn exp { − (k − n)^2 n } . Łăł ćĺďŋő, ŋăĺąőńěě ćěàőïâŋëň ïćńïěâáï ćëŕăďěŋĺě őďĺŋăłőćőčő çĺáńă ”čěàąőć” ĺ ”àěèěł”: P_{n;2n} ∼= 1 √ πn . Ĺŋâěčàăńìŋăï âěőàěňă Ňãăćàă-Ńăŕńăáă.

Ěáńĺ ćěàőïâŋőáâì ãáŕěåă p (0 < p < 1) ŕőáâőïŋŋă, âő ŕàĺ n → ∞ P { a ≤ μ_n − np √ npq ≤ b } → 1 √ 2π b∫ a e^{−x2/2}dx àăćŋőňěàŋő ŕő a, b (−∞ ≤ a ≤ b ≤ ∞), čďě μn - çĺáńő ãáŕěåőć.

Ďőłăğăâěńìáâćő: ďőłăęěň âěőàěňã ďńï äĺłáĺàőćăŋŋëå ĺ łőŋěçŋëå a ĺ b. Őçěćĺďŋő, P { a ≤ μ_n − np √ npq ≤ b } = ∑ a≤xk≤b P_{k;n}, čďě, łăł ĺ ć ńőłăńìŋőľ âěőàěňě,

x_k = k − np √ npq . Śãňňă

R_n = ∑ xk∈[a,b] P_{k;n} ŕàĺ n → ∞ áőčńăáŋő ńőłăńìŋőľ âěőàěňě Ňãăćàă-Ńăŕńăáă ŕàĺőąàěâăěâ ćĺď R_n ≃ ∑ xk∈[a,b] 1 √ 2π e^{−x2k/2} · 1 √ npq . Ćëçĺáńĺň ŕàĺàăéěŋĺě

Δx_k = x_{k+1} − x_k = k + 1 − np √ npq − k − np √ npq = 1 √ npq . Ć àěğãńìâăâě, R_n ≃ ∑ xk∈[a,b] φ (x_k) Δx_k, čďě φ (x) = 1 √ 2π e^{−x2/2}. Šăłĺň őąàăğőň, ňë ŕàĺèńĺ ł ĺŋâěčàăńìŋőľ áãňňě Řĺňăŋă, łőâőàăï ŕàĺ n → ∞

(Δx_k → 0) áåőďĺâáï ł ĺŋâěčàăńã

R_n → b∫ a φ (x) dx = 1 √ 2π b∫ a e^{−x2/2}dx. ∗ Ĺâăł, ŕàĺ ąőńìèĺå n áŕàăćěďńĺćă ŕàĺąńĺęěŋŋăï äőàňãńă P { a ≤ μ_n − np √ npq ≤ b } ≃ Φ_0 (b) − Φ_0 (a) ,

čďě Φ_0 (x) = 1 √ 2π x∫ 0 e^{−t2/2}dt. İâőâ ĺŋâěčàăń, ŋăğëćăěňëľ ĺŋâěčàăńőň őèĺąőł, ŋě ćëçĺáńïěâáï ć íńěňěŋâăàŋëå äãŋłæĺïå, ŋő ďńï ŋěčő áãéěáâćãîâ âăąńĺæë.

Ĺáâőàĺçěáłăï áŕàăćłă. Ăąàăåăň ďě Ňãăćà (1667 − 1754) - őďŋă ĺğ ćëďăîéĺåáï

äĺčãà ć âěőàĺĺ ćěàőïâŋőáâěľ. Őŋ àőďĺńáï ćő Ťàăŋæĺĺ, ğăâěň ŕěàěěåăń ć Ăŋčńĺî. Ć

1718 č. ąëńă őŕãąńĺłőćăŋă ěčő őáŋőćŋăï àăąőâă ”Ďőłâàĺŋă èăŋáőć”. Ňãăćà áłàőňŋő

ŕĺáăń ő áćőěň őâłàëâĺĺ ňĺàőćőčő ğŋăçěŋĺï: ”Ćőğìňã ŋă áěąï áňěńőáâì ãâćěàęďăâì, çâő íâő âàãďŋěľèăï ŕàőąńěňă ő áńãçăľŋőň...”. Řěğãńìâăâ őŋ ŕőńãçĺń ć 1733 č., ă őŕãąńĺłőćăŋ őŋ ąëń ńĺèì ć 1756 č. ŕőáńě ěčő áňěàâĺ.

Ĺŋâěčàăńìŋăï âěőàěňă Ňãăćàă-Ńăŕńăáă ŕőğćőńïěâ őæěŋĺâì ąńĺğőáâì őâŋőáĺâěńìŋőľ çăáâőâë áőąëâĺï ł ěčő ćěàőïâŋőáâĺ. Ěáńĺ p - ćěàőïâŋőáâì ”ãáŕěåă” ć őďŋőň ĺáŕëâăŋĺĺ, ă μn - çĺáńő ”ãáŕěåőć” ć n ĺáŕëâăŋĺïå, âő ŋěőąåőďĺňő őæěŋĺâì ćěàőïâŋőáâì áőąëâĺï_P {|_{μn} n − p | | ≤ Δ } . Šőčďă P {| | μ_n n − p | | ≤ Δ } = P {| | | μ_n − np n | | | ≤ Δ } = P {| | | μ_n − np √ npq | | | ≤ Δ √ n pq } =

= P { −Δ √ n pq ≤ μ_n − np √ npq ≤ Δ √ n pq } ≃ 2Φ_0 ( Δ √ n pq ) . Ğďěáì ĺáŕőńìğőćăŋă ŋěçěâŋőáâì äãŋłæĺĺ Φ0 (x).

Ğăňěâĺň, çâő ŕőáłőńìłã Φ0 (0) = 0, Φ0 (∞) = 1/2, ć ŕàěďěńě n → ∞ ŋěğăćĺáĺňő őâ Δ P {| | μ_n n − p | | | ≤ Δ } → 1. Ć íâőň áňëáńě ĺ áńěďãěâ ŕőŋĺňăâì áåőďĺňőáâì őâŋőáĺâěńìŋőľ çăáâőâë áőąëâĺï

ν_n (A) ł ěčő ćěàőïâŋőáâĺ P (A).