ŇĹŊĹŚŠĚŘŚŠĆŐ ŐĄŹĚČŐ Ĺ ŔŘŐŤĚŚŚĹŐŊĂŃĲŊŐČŐ ŐĄŘĂĞŐĆĂŊĹ§ ŘŐŚŚĹĽŚŁŐĽ ŤĚĎĚŘĂŰĹĹ

ŊĹĘĚČŐŘŐĎŚŁĹĽ ČŐŚŞĎĂŘŚŠĆĚŊŊŻĽ ŞŊĹĆĚŘŚĹŠĚŠ ĺň.Ŋ.Ĺ.ŃŐĄĂŮĚĆŚŁŐČŐ

Řăďĺőäĺğĺçěáłĺľ äăłãńìâěâ

Łăäěďàă ňăâěňăâĺłĺ

ĞĂĎĂŮĹ ŔŐ ŠĚŐŘĹĹ ĆĚŘŐ§ŠŊŐŚŠĚĽ

(ďńï áâãďěŋâőć-àăďĺőäĺğĺłőć)

Ŋĺęŋĺľ Ŋőćčőàőď, 1997

ŞĎŁ 519.2 (076.1)

Ğăďăçĺ ŕő âěőàĺĺ ćěàőïâŋőáâěľ. Ňěâőďĺçěáłăï àăğàăąőâłă ďńï áâãďěŋâőć ďŋěćŋőčő őâďěńěŋĺï àăďĺőäĺğĺçěáłőčő äăłãńìâěâă ŊŊČŞ, őąãçăîéĺåáï ŕő ŋăŕàăćńěŋĺî ŕőďčőâőćłĺ 510400 - Ťĺğĺłă ĺ ŕő áŕěæĺăńìŋőáâïň 071500 - Řăďĺőäĺğĺłă ĺ íńěłâàőŋĺłă, 071900 - Ĺŋäőàňăæĺőŋŋëě áĺáâěňë (ć àăďĺőäĺğĺłě ĺ âěńěłőňňãŋĺłăæĺïå). Ŋĺęŋĺľ Ŋőćčőàőď, ĺğď.ŊŊČŞ ĺň.Ŋ.Ĺ.Ńőąăçěćáłőčő, 1997 č.

Ć ňěâőďĺçěáłőľ àăğàăąőâłě áőąàăŋë ğăďăçĺ ŕő őáŋőćŋëň àăğďěńăň âěőàĺĺ ćěàőïâŋőáâěľ, çĺâăěňëň ŋă àăďĺőäĺğĺçěáłőň äăłãńìâěâě ŊŊČŞ. Łăęďëľ àăğďěń ŋăçĺŋăěâáï á âěőàěâĺçěáłőčő ććěďěŋĺï, čďě áőőąéăîâáï ŋěőąåőďĺňëě ďńï àěèěŋĺï ğăďăç áćěďěŋĺï. Ć łőŋæě ğăďăçŋĺłă ďńï ąőńìèĺŋáâćă ğăďăç ãłăğăŋë őâćěâë.

Ŕőďčőâőćńěŋă ć àăňłăå ŕàőčàăňňë ”Ĺŋâěčàăæĺï”.

Śőáâăćĺâěńĺ: Čăćàĺńĺŋ Ăŋăâőńĺľ Šĺňőäěěćĺç,

Ďãąłőć Ăńěłáăŋďà Ăńěłáăŋďàőćĺç.

Řěæěŋğěŋâë: Ůěłňăàěć Š.Ć. Ğőàĺŋ Ć.Ă.

Łőŋáãńìâăŋâ ŕő ŕàĺłńăďŋëň ăáŕěłâăň âěőàĺĺ ćěàőïâŋőáâěľ, ď.ä.-ň.ŋ., á.ŋ.á. ŊĹŘŤĹ Šàőĺæłĺľ Ă.Ć.

ŔŘĚĎĹŚŃŐĆĹĚ

Ŋăáâőïéĺľ áąőàŋĺł ŕàěďŋăğŋăçěŋ ďńï áâãďěŋâőć-àăďĺőäĺğĺłőć ĺ âěňăâĺçěáłĺ áőőâćěâáâćãěâ ŕńăŋã ŕàăłâĺçěáłĺå ğăŋïâĺľ ŕő âěőàĺĺ ćěàőïâŋőáâěľ, ŕàőćőďĺňëå ŋă ćâőàőň łãàáě àăďĺőäĺğĺçěáłőčő äăłãńìâěâă ŊŊČŞ.

Ćáě ğăďăçĺ áčàãŕŕĺàőćăŋë ć àăğďěńë, ĺňěŋãěňëě ğăŋïâĺïňĺ. Ůăáâì ğăďăç łăęďőčő àăğďěńă őâćőďĺâáï ŋă àěèěŋĺě ć łńăááě, çăáâì - ć łăçěáâćě ďőňăèŋěčő ğăďăŋĺï. Łàőňě âőčő, àïď ğăďăç ŕőćëèěŋŋőľ áńőęŋőáâĺ àăááçĺâăŋ ŋă ĺáŕőńìğőćăŋĺě ć ĺâőčőćőľ ďőňăèŋěľ łőŋâàőńìŋőľ àăąőâě.

Łăęďëľ àăğďěń áąőàŋĺłă ŕàěďćăàïěâáï łàăâłĺňĺ âěőàěâĺçěáłĺňĺ áćěďěŋĺïňĺ ĺ ŋěőąåőďĺňëňĺ äőàňãńăňĺ. Ć łőŋæě ğăďăçŋĺłă ďńï ąőńìèĺŋáâćă ğăďăç ãłăğëćăîâáï őâćěâë.

Ć őáŋőćã áąőàŋĺłă ŕőńőęěŋă ňěâőďĺçěáłăï àăğàăąőâłă ”Ğăďăçĺ ŕő âěőàĺĺ ćěàőïâŋőáâěľ, ňăâěňăâĺçěáłőľ áâăâĺáâĺłě ĺ âěőàĺĺ áńãçăľŋëå ŕàőæěááőć”(áőáâăćĺâěńĺ: Ă.Š.Čăćàĺńĺŋ, Ő.Ŋ.Řěŕĺŋ, Ĺ.Ŕ.Śňĺàŋőć), ĺğď.ČČŞ, 1983.

Şłăęěň ŋěłőâőàëě ãáńőćŋëě őąőğŋăçěŋĺï ĺ áőłàăéěŋĺï, ĺňěîéĺěáï ć âěłáâě. Ťãŋłæĺï àăáŕàěďěńěŋĺï ćáîďã őąőğŋăçăěâáï Fξ, áńěďãîéĺě őąőğŋăçěŋĺï: fξ, θξ, φξ ŕàĺňěŋïîâáï áőőâćěâáâćěŋŋő ďńï ŕńőâŋőáâĺ àăáŕàěďěńěŋĺï, åăàăłâěàĺáâĺçěáłőľ ĺ ŕàőĺğćőďïéěľ äãŋłæĺĺ. Ĺŋďĺłăâőàŋăï äãŋłæĺï ňŋőęěáâćă A őąőğŋăçăěâáï 1A (x) :

1_A (x) = { 1, x ∈ A 0, x /∈ A | | | |. Ć çăáâŋőáâĺ, 1 (x) ≡ 1_{[0,∞)} (x) . Śőłàăéěŋĺï á.ć., ä.à. ĺ å.ä. őğŋăçăîâ, áőőâćěâáâćěŋŋő, ”áńãçăľŋăï ćěńĺçĺŋă”, ”äãŋłæĺï àăáŕàěďěńěŋĺï” ĺ ”åăàăłâěàĺáâĺçěáłăï äãŋłæĺï”.

Ğăŋïâĺě 1

ĆĚŘŐ§ŠŊŐŚŠŊŐĚ ŔŘŐŚŠŘĂŊŚŠĆŐ. ŁŃĂŚŚĹŮĚŚŁĹĽ Ĺ ČĚŐŇĚŠŘĹŮĚŚŁĹĽ ŚŔŐŚŐĄŻ ĞĂĎĂŊĹ§ ĆĚŘŐ§ŠŊŐŚŠĚĽ

Ňăâěňăâĺçěáłőľ ňőďěńìî áâăâĺáâĺçěáłőčő íłáŕěàĺňěŋâă áńãęĺâ ŋăąőà (Ω, F, P ), ŋăğëćăěňëľ ćěàőïâŋőáâŋëň ŕàőáâàăŋáâćőň. Ğďěáì Ω-ňŋőęěáâćő (ŕàőáâàăŋáâćő) ćáěå ćğăĺňőĺáłńîçăîéĺå ĺáåőďőć (áńãçăěć, íńěňěŋâăàŋëå áőąëâĺľ) ω íłáŕěàĺňěŋâă, F - ňŋőęěáâćő (σ-ăńčěąàă) ćáěå áőąëâĺľ ( ŋăąńîďăěňëå ŕőďňŋőęěáâć Ω), P : F → [0, 1] - äãŋłæĺï (ćěàőïâŋőáâŋăï ňěàă), ğŋăçěŋĺě łőâőàőľ P (A) ŋă áőąëâĺĺ A ěáâì ćěàőïâŋőáâì íâőčő áőąëâĺï.

Śőąëâĺěň ŋăğëćăěâáï ćáïłĺľ äăłâ, ćëŕőńŋěŋĺě (ĺńĺ ŋěćëŕőńŋěŋĺě) łőâőàőčő ŕàĺ łăęďőň ĺáŕëâăŋĺĺ őďŋőğŋăçŋő äĺłáĺàãěâáï ć ãáńőćĺïå ďăŋŋőčő íłáŕěàĺňěŋâă. Ńîąőě áőąëâĺě ňőęěâ ąëâì őâőęďěáâćńěŋő á ňŋőęěáâćőň âěå (ąńăčőŕàĺïâáâćãîéĺå ěňã) ĺáåőďőć ω, ŕàĺ łőâőàëå őŋő ŕàőĺáåőďĺâ.

Łńăááĺçěáłăï áåěňă âěőàĺĺ ćěàőïâŋőáâěľ ŕàěďŕőńăčăěâ ćëŕőńŋěŋĺě áńěďãîéĺå ďćãå ãáńőćĺľ: ă) ŕàőáâàăŋáâćő Ω áőáâőĺâ ĺğ łőŋěçŋőčő çĺáńă íńěňěŋâăàŋëå áőąëâĺľ: Ω = {ω1, ω2, . . . , ωn}, ą) áĺňňěâàĺï ãáńőćĺľ íłáŕěàĺňěŋâă ŋě ŕőğćőńïěâ ćëďěńĺâì ŋĺ őďĺŋ ĺğ ĺáåőďőć. Ć íâőň áńãçăě ćěàőïâŋőáâì áőąëâĺï A = {ωi_1 , ωi_2 , . . . , ωi_k }, ŋăáçĺâëćăîéěčő k ĺáåőďőć, őŕàěďěńïîâ őâŋőèěŋĺěň P (A) = k/n.

Ć čěőňěâàĺçěáłőľ áåěňě ŕàőáâàăŋáâćő ”àăćŋőćőğňőęŋëå” ĺáåőďőć (áň.ćëèě) Ω őâőęďěáâćńïěâáï á őąńăáâìî n-ňěàŋőčő àĺňăŋőćă ňŋőčőőąàăğĺï á ňěâàĺçěáłĺň âěŋğőàőň gij, ĺňěîéěľ łőŋěçŋëľ àĺňăŋőćáłĺľ őąêěň V (Ω) =^∫_Ω^√det ‖gij‖dx1 . . . dxn. Ćě-

àőïâŋőáâì áőąëâĺï A ⊂ Ω őŕàěďěńïěâáï őâŋőèěŋĺěň P (A) = V (A) /V (Ω).

Śőçěâăŋĺěň (ĺğ n íńěňěŋâőć ŕő k) ŋăğëćăěâáï ćáïłőě k-íńěňěŋâŋőě ŕőďňŋőęěáâćő (àăğňěéěŋĺěň - ćáïłőě ãŕőàïďőçěŋŋőě k-íńěňěŋâŋőě ŕőďňŋőęěáâćő) n-íńěňěŋâŋőčő ňŋőęěáâćă. Őąéěě çĺáńő ćőğňőęŋëå áőçěâăŋĺľ C^k_n = n!/k! (n − k)!, àăğňěéěŋĺľ -

A^k_n = k!C^k_n. Ďńï n! áŕàăćěďńĺćă ăáĺňŕâőâĺçěáłăï äőàňãńă n! ≃ √ 2πnn^ne^{−n} ŕàĺ n → ∞. 1. Ďőłăğăâì, çâő ďńï ńîąëå ďćãå áőąëâĺľ A ĺ B: (a) A ⊂ B ⇐⇒ B̄ ⊂ Ā; (b) AB ⊂ A, A ⊂ A ⋃ B; (c) A = AB ⇐⇒ A ⊂ B; (d) A = A ⋃ B ⇐⇒ B ⊂ A; (e) A ⋃ B = (A\B) ⋃ B = (B\A) ⋃ A = (A\B) ⋃ (B\A) ⋃ (AB) . 2. Ďőłăğăâì áŕàăćěďńĺćőáâì áńěďãîéĺå áőőâŋőèěŋĺľ: (a) ⋃ i∈I A_i = ⋂ i∈I A_i, ⋂ i∈I A_i = ⋃ i∈I A_i ;

(b) A ⋂ ( ⋃ i∈I B_i ) = ⋃ i∈I (A ⋂ B_i) , A ⋃ ( ⋂ i∈I B_i ) = ⋂ i∈I (A ⋃ B_i) . 3. Ŋă őâàěğłě [a, b] ŋăãďăçã ćëąĺàăîâáï ďćě âőçłĺ:

(a) Śőąëâĺě A: ńěćăï âőçłă ąńĺęě ł b,çěň ł a; (b) Śőąëâĺě B: àăááâőïŋĺě ňěęďã âőçłăňĺ ąőńìèě (b − a) /2; (c) Śőąëâĺě C: ŕàăćăï âőçłă ąńĺęě ł ńěćőľ,çěň ł b.

Ćëïćĺâì ŕăàë ŋěáőćňěáâŋëå áőąëâĺľ.

4. Śãďŋő ĺňěěâ őďŋő àãńěćőě ãáâàőľáâćő, ďćă łőâńă ĺ çěâëàě âãàąĺŋë. Ćëàăğĺâì áőąëâĺï D ĺ^¯D, čďě áőąëâĺě D őąőğŋăçăěâ äăłâ ãŕàăćńïěňőáâĺ áãďŋă, ć ćĺďě ąãńěćëå łőňąĺŋăæĺľ áőąëâĺľ: A (ĺáŕàăćěŋ àãńì), Bi (ĺáŕàăćěŋ i-ľ łőâěń, i =

1, 2), C_j (ĺáŕàăćŋă j –ï âãàąĺŋă, j = 1, 2, 3, 4).

5. Řăááňăâàĺćăěâáï íłáŕěàĺňěŋâ á n-łàăâŋëň ŕőďąàăáëćăŋĺěň áĺňňěâàĺçŋőľ ňőŋěâë. Ŕőáâàőĺâì ćěàőïâŋőáâŋőě ŕàőáâàăŋáâćő, őâćěçăîéěě íâőňã íłáŕěàĺňěŋâã. Ŋăľâĺ ćěàőïâŋőáâĺ ćëŕăďěŋĺï ”őàńă”: ă) k àăğ, ą) ŋě ňěŋěě k àăğ. Řăááňőâàěâì áńãçăľ k = [n/2] ŕàĺ ąőńìèĺå n.

6. Ćëąàăŋŋăï ĺğ ŕőńŋőčő łőňŕńěłâă łőáâì ďőňĺŋő őłăğăńăáì ŋě ďãąńěň. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ćâőàãî ŋăãďăçã ćğïâãî łőáâì ňőęŋő ŕàĺáâăćĺâì ł ŕěàćőľ.

7. Ąàőèěŋë âàĺ ňőŋěâë. Łăłőćă ćěàőïâŋőáâì âőčő, çâő ćëŕăďãâ àőćŋő ďćă čěàąă?

8. Ć ãàŋě 3 ąěńëå ĺ 7 çěàŋëå èăàőć. Łăłőćă ćěàőïâŋőáâì âőčő, çâő ćëŋãâëě ŋăãčăď ďćă èăàă őłăęãâáï àăğŋőæćěâŋëňĺ?

9. Ŋă łŋĺęŋőľ ŕőńłě áâőïâ 10 łŋĺč. Łăłőćă ćěàőïâŋőáâì, çâő âàĺ ŋãęŋëě Ćăň łŋĺčĺ őłăęãâáï áâőïéĺňĺ àïďőň?

10. Ďćőě àăğëčàëćăîâ ăŕěńìáĺŋ ŕãâěň ”ćëąàăáëćăŋĺï” łăęďëň ĺğ ĺčàőłőć ŕăńìæěć ŋă őďŋőľ àãłě ĺ ŕőáńěďãîéěčő áãňňĺàőćăŋĺï ĺå łőńĺçěáâćă. Őďĺŋăłőćë ńĺ ćěàőïâŋőáâĺ çěâŋőčő ĺ ŋěçěâŋőčő łőńĺçěáâćă ”ćëąàőèěŋŋëå” ŕăńìæěć?

11. Őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő áěàĺï ŋăãďăçã ćëąàăŋŋőľ őąńĺčăæĺĺ ŋě áőďěàęĺâ őďĺŋăłőćëå æĺäà, ěáńĺ ŋőňěà áěàĺĺ ňőęěâ ąëâì ńîąëň ŕïâĺğŋăçŋëň çĺáńőň, ŋăçĺŋăï á 00001.

12. Ć íäĺà őďŋőćàěňěŋŋő ćëåőďïâ 2n àăďĺőńîąĺâěńěľ, ŕàĺçěň n àőááĺľáłĺå ĺ n ğăàãąěęŋëå. Łăłőćă ćěàőïâŋőáâì ŕőńŋőčő ňěęďãŋăàőďŋőčő ďĺăńőčă?

13. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ŕàĺ ĺğćńěçěŋĺĺ ĺğ ŕőńŋőľ łőńőďë n ĺčàăńìŋëå łăàâ ćáě őŋĺ őłăęãâáï àăğŋëå ğŋăçěŋĺľ.

14. Śâãďěŋâ, ŕàĺáãâáâćãîéĺľ ŋă ğăŋïâĺĺ, ğŋăěâ ćâőàőľ ćőŕàőá ĺğ âàěå, ğăďăŋŋëå ŕàěŕőďăćăâěńěň. Łăłőćă ćěàőïâŋőáâì ŕőńãçěŋĺï ĺň ”ďćőľłĺ” ŕàĺ őŕàőáě, ěáńĺ ć łńăááě 25 çěńőćěł, ŕő łăęďőňã ćőŕàőáã áŕàăèĺćăěâáï âőńìłő őďĺŋ áâãďěŋâ ĺ łăęďëľ áâãďěŋâ ňőęěâ ćëáâãŕĺâì âőńìłő őďĺŋ àăğ?

15. Ŋă áćăďìąã ŕàĺèńő 2n čőáâěľ, ŕàĺçěň őďĺŋăłőćőě łőńĺçěáâćő ęěŋéĺŋ ĺ ňãęçĺŋ. Čőáâěľ ŕőáăďĺńĺ ğă łàãčńëľ áâőń. Łăłőćă ćěàőïâŋőáâì, çâő łăęďëľ ĺğ čőáâěľ ąãďěâ őłàãęěŋ ńĺæăňĺ ďàãčőčő ŕőńă?

16. Ć ğăńě, ŋăáçĺâëćăîéěň (n + k) ňěáâ, áńãçăľŋëň őąàăğőň ğăŋĺňăîâ ňěáâă n çěńőćěł. Őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő ąãďãâ ğăŋïâë őŕàěďěńěŋŋëě m ≤ n ňěáâ.

17. Ďćőě ďőčőćăàĺćăîâáï ő ćáâàěçě ć ĺŋâěàćăńě ňěęďã 12 ĺ 13 çăáăňĺ ďŋï (ćàěňï ňőáłőćáłőě). Łăłőćă ćěàőïâŋőáâì, çâő őŋĺ ćáâàěâïâáï, ěáńĺ ňőňěŋâ ŕàĺåőďă łăęďőčő àăćŋőćőğňőęěŋ ć ãłăğăŋŋőň ĺŋâěàćăńě ĺ ćàěňěŋă őęĺďăŋĺï ĺå àăćŋë áőőâćěâáâćěŋŋő τ1 ĺ τ2? Řăááňőâàěâì áńãçăĺ: ă) τ1 = τ2 = 5 ňĺŋ., ą) τ1 = 1 çăá.,

τ_2 = 5 ňĺŋ.

18. Ŋă łńěâçăâãî ŕńőáłőáâì á àăğňěàőň łńěâłĺ d ŋăãďăçã ąàőáăěâáï ňőŋěâă àăďĺãáă

r (2r < d). Őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő ňőŋěâă ŋě ŕěàěáěçěâ ŋĺ őďŋã

ĺğ ńĺŋĺľ.

19. Ďőæěŋâ ňőęěâ ďőąàăâìáï ďő ĺŋáâĺâãâă ŋă âàăňćăě, ďćĺčăïáì ć ńîąőň ŋăŕàăćńěŋĺĺ łőńìæěćőčő ňăàèàãâă. Ďćĺęěŋĺě ć őąőĺå ŋăŕàăćńěŋĺïå ŕàőĺáåőďĺâ áâàőčő ŕő àăáŕĺáăŋĺî á ĺŋâěàćăńőň ć 5 ňĺŋãâ. Ćěàŋő ńĺ, çâő ćěàőïâŋőáâì ŕőěåăâì ŋăńěćő ã ďőæěŋâă, ŋě őâńĺçăîéěčőáï ŕãŋłâãăńìŋőáâìî, àăćŋă 0.5?

20. Łăłőě áőőâŋőèěŋĺě ňěęďã àăďĺãáőň R ĺ âőńéĺŋőľ H ďőńęŋă ĺňěâì őďŋőàőďŋăï æĺńĺŋďàĺçěáłăï èăľąă, çâőąë ćěàőïâŋőáâì ěě ŕăďěŋĺï ŋă àěąàő àăćŋïńăáì 1/3?

21. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ĺğ âàěå ŋăãďăçã ćğïâëå őâàěğłőć á ďńĺŋăňĺ, ŋě ŕàěćëèăîéĺňĺ ďńĺŋã ěďĺŋĺçŋőčő őâàěğłă, ňőęŋő áőáâăćĺâì âàěãčőńìŋĺł.

22. Ŋă őłàãęŋőáâĺ ŋăãďăçã ćëąĺàăîâáï âàĺ âőçłĺ A, B, C. Łăłőćă ćěàőïâŋőáâì âőčő, çâő âàěãčőńìŋĺł ABC őáâàőãčőńìŋëľ?

23. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő łőàŋĺ łćăďàăâŋőčő ãàăćŋěŋĺï x^2 + 2ax + b = 0 ćěéěáâćěŋŋë, ěáńĺ ğŋăçěŋĺï łőíääĺæĺěŋâőć a, b àăćŋőćőğňőęŋë ć łćăďàăâě −1 ≤ a ≤ 1, −1 ≤ b ≤ 1. 24. Ŋă őâàěğłě AB ďńĺŋë L ŋăãďăçã ŕőáâăćńěŋë ďćě âőçłĺ M ĺ N. Őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő ďńĺŋë łăęďőčő ĺğ âàěå őąàăğőćăćèĺåáï őâàěğłőć ŋě ŕàěćőáåőďïâ ğăďăŋŋőľ ćěńĺçĺŋë α (L/3 < α < L).

ŐŠĆĚŠŻ

Ğăŋïâĺě 1

3. A ĺ B; B ĺ C.

5. ă) C^k_n/2^n; P^{[n/2]}_n ≈^√2/πn, ą)^{n∑}_{i=k} C^i_n/2^n → 1/2 ŕàĺ k = [n/2] → ∞.

6. 4/9. 7. 3/8. 8. 7/15. 9. 1/15.

10. Ŋěâ.

11. ≃ 0.3.

12. 2^n (n!)^2 / (2n)!.

13. 4^nC^n_{13}/C^n_{52} ŕàĺ n ≤ 13; 0 ŕàĺ n > 13. 14. 0.08.

15. n!/ [2^{n−1} (2n − 1)!!]. 16. C^m_n C^{n−m}_{n+k−m}/C^n_{n+k}. 17. 1 − [ (1 − τ_1/T )^2 + (1 − τ_2/T )^2 ] /2. 18. (1 − 2r/d)^2.

19. Ŋěâ.

20. H = R/ √ 2. 21. 0.5. 22. 1/4. 23. 2/3.

24. (3α/L − 1)^2 ŕàĺ L/3 < α ≤ L/2; 1 − 3 (1 − α/L)^2 ŕàĺ L/2 ≤ α < L.

Ğăŋïâĺě 2

ŊĚĞĂĆĹŚĹŇŐŚŠĲ. ŞŚŃŐĆŊĂ§ ĆĚŘŐ§ŠŊŐŚŠĲ

Śńãçăľŋëě áőąëâĺï A ĺ B ŋăğëćăîâáï ŋěğăćĺáĺňëňĺ, ěáńĺ P (AB) = P (A) P (B) . Şáńőćŋőľ ćěàőïâŋőáâìî áőąëâĺï A (ŕàĺ ãáńőćĺĺ, çâő ŕàőĺáåőďĺâ áőąëâĺě B,

P (B) > 0) ŋăğëćăîâ őâŋőèěŋĺě P (A | B) = P (AB) P (B) . İâő àăćěŋáâćő ňőęŋő ğăŕĺáăâì ć ćĺďě äőàňãńë ãňŋőęěŋĺï ćěàőïâŋőáâěľ P (AB) =

P (B) P (A | B), őąőąéěŋĺěň łőâőàőľ ŋă áńãçăľ n áőąëâĺľ áńãęĺâ äőàňãńă P ( n ⋂ k=1 A_k ) = P (A_1) P (A_2 | A_1) P (A_3 | A_1A_2) · . . . · P (A_n | A_1 . . . A_{n−1}) ,

áŕàăćěďńĺćăï ŕàĺ P (A1 . . . An−1) > 0.

Ćěàőïâŋőáâì áãňňë áőąëâĺľ A ĺ B P ( A ⋃ B ) = P (A) + P (B) − P (AB) . Ćěàőïâŋőáâì áãňňë n áőąëâĺľ ŋăåőďĺâáï ŕő äőàňãńě P ( n ⋃ k=1 A_k ) = n∑ k=1 P (A_k) − ∑ 1≤k ∑ ≤l≤n P (A_kA_l) + . . . + (−1)^n P ( n ⋂ k=1 A_k ) . 1. Ŕàőćěàìâě, çâő äãŋłæĺï ňŋőęěáâćă P1 (·) = P (· | B) őąńăďăěâ ćáěňĺ áćőľáâćăňĺ ćěàőïâŋőáâĺ.

2. Śőąëâĺï A ĺ B ŋěğăćĺáĺňë. Ąãďãâ ńĺ ŋěğăćĺáĺňëňĺ áőąëâĺï: a) A ĺ^¯B, ą) Ā ĺ^¯B ?

3. Ćëïáŋĺâě, łăł áćïğăŋë ňěęďã áőąőľ áćőľáâćă ŋěğăćĺáĺňőáâĺ ĺ ŋěáőćňěáâŋőáâĺ ďćãå áőąëâĺľ.

4. Śâãďěŋâ ŕàĺèěń ŋă íłğăňěŋ, ğŋăï ńĺèì 20 ĺğ 25 ćőŕàőáőć. İłğăňěŋăâőà ğăďăń áâãďěŋâã 3 ćőŕàőáă. Ĺáŕőńìğãï ŕőŋïâĺě ãáńőćŋőľ ćěàőïâŋőáâĺ, ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő áâãďěŋâ ğŋăěâ ćáě ğăďăŋŋëě ćőŕàőáë. Ŋăľâĺ âã ęě ćěàőïâŋőáâì, ĺáŕőńìğãï łńăááĺçěáłőě őŕàěďěńěŋĺě ćěàőïâŋőáâĺ.

5. Ăąőŋěŋâ ğăąëń ŕőáńěďŋîî æĺäàã ŋőňěàă âěńěäőŋă ĺ ŕőâőňã ŋăąĺàăěâ ěě ŋăãčăď.

Łăłőćă ćěàőïâŋőáâì, çâő ěňã ŕàĺďěâáï ğćőŋĺâì ŋě ąőńěě, çěň ć âàĺ ňěáâă?

6. Ĺğ ŕőńŋőľ łőńőďë łăàâ (52 ńĺáâă) ćëŋĺňăěâáï őďŋă łăàâă. Řăááňăâàĺćăîâáï áőąëâĺï: A - ŕőïćńěŋĺě âãğă, B - ŕőïćńěŋĺě łăàâë łàăáŋőľ ňăáâĺ, C - ŕőïćńěŋĺě ąãąŋőćőčő âãğă, D - ŕőïćńěŋĺě ďěáïâłĺ. Ğăćĺáĺňë ĺńĺ ŋěâ áńěďãîéĺě ŕăàë áőąëâĺľ: ă) A ĺ B; ą) A ĺ C; ć) B ĺ C; č) B ĺ D; ď) C ĺ D ?

7. Őŕëâ áőáâőĺâ ć ŕőáńěďőćăâěńìŋőň ąàőáăŋĺĺ ďćãå ňőŋěâ. Řăááňăâàĺćăîâáï áőąëâĺï: A - ćëŕăďěŋĺě čěàąă ŋă ŕěàćőľ ňőŋěâě, B - ćëŕăďěŋĺě åőâï ąë őďŋőčő čěàąă, C - ćëŕăďěŋĺě åőâï ąë őďŋőľ æĺäàë, D - ćëŕăďěŋĺě čěàąă ŋă őďŋőľ ňőŋěâě. Őŕàěďěńĺâì ŕãâěň ćëçĺáńěŋĺï ãáńőćŋëå ĺ ąěğãáńőćŋëå ćěàőïâŋőáâěľ ğăćĺáĺňë ĺńĺ ŋěâ áńěďãîéĺě ŕăàë áőąëâĺľ: ă) A ĺ C; ą) B ĺ C; ć) A ĺ D; č) B ĺ D.

8. Ďőńï ”áçăáâńĺćëå” ąĺńěâőć ć ŕőńŋőľ łăâãèłě p ≃ 0, 053. Łăłőćă ćěàőïâŋőáâì ĺňěâì åőâï ąë őďĺŋ âăłőľ ąĺńěâ ĺğ ďćãå łãŕńěŋŋëå, ěáńĺ: ă) ąĺńěâë áőáěďŋĺě, ą) ąĺńěâë á àăğŋëå àěľáőć?

9. Śłőńìłő àăğ ŋãęŋő ąàőáĺâì ĺčàăńìŋãî łőáâì, çâőąë ŕőïćńěŋĺě åőâï ąë őďŋőľ èěáâěàłĺ ĺňěńő ćěàőïâŋőáâì: ă) ąőńìèãî 0.5, ą) ąőńìèãî 0.8?

10. Ďőłăğăâì, çâő ĺğ ãáńőćĺï P ( B | Ā ) = P (B | A) áńěďãěâ ŋěğăćĺáĺňőáâì áőąëâĺľ A ĺ B.

11. Ďăŋë âàĺ ŕőŕăàŋő ŋěğăćĺáĺňëå áőąëâĺï, łőâőàëě ŋě ňőčãâ ŕàőĺğőľâĺ őďŋőćàěňěŋŋő. Őŕàěďěńĺâì ňăłáĺňăńìŋő ćőğňőęŋőě ğŋăçěŋĺě ćěàőïâŋőáâĺ áãňňë íâĺå áőąëâĺľ.

12. Řăğëáłĺćăï áŕěæĺăńìŋãî łŋĺčã, áâãďěŋâ àěèĺń őąőľâĺ âàĺ ąĺąńĺőâěłĺ. Ďńï łăęďőľ ąĺąńĺőâěłĺ őďĺŋăłőćő ćěàőïâŋő: ěáâì łŋĺčă ć ěě äőŋďě ĺńĺ ŋěâ. Ć âőň áńãçăě, łőčďă łŋĺčă ĺňěěâáï ć äőŋďě, őďĺŋăłőćő ćěàőïâŋő: ćğïâă őŋă çĺâăâěńěň ĺńĺ ŋěâ. Ůâő ąőńěě ćěàőïâŋő - ďőáâăŋěâ áâãďěŋâ łŋĺčã ĺńĺ ŋěâ, ěáńĺ ĺğćěáâŋő, çâő äőŋďë ąĺąńĺőâěł łőňŕńěłâãîâáï ŋěğăćĺáĺňő ďàãč őâ ďàãčă?

13. Őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő ŋăãďăçã ćëąàăŋŋőě æěńőě ŕőńőęĺâěńìŋőě çĺáńő ŋě ďěńĺâáï: ă) ŋĺ ŋă 2, ŋĺ ŋă 3; ą) ŋă 2 ĺ ŋă 3.

14. Ć áćïğłě ĺğ n łńîçěľ âőńìłő őďĺŋ ŕőďåőďĺâ ł áěłàěâěàã. Łńîçĺ ŕőáńěďőćăâěńìŋő ŕőďąĺàăîâ ďő âěå ŕőà, ŕőłă ŋě őąŋăàãęăâ ŋãęŋëľ łńîç. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő áěłàěâěà őâłàőîâ k-ň łńîçőň.

15. Ć ãàŋě m ąěńëå ĺ n çěàŋëå èăàőć. Ĺğ ãàŋë ćëŋĺňăîâ 2k èăàőć (2k < m, 2k < n).

Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő áàěďĺ ŋĺå ąãďěâ ąőńìèě ąěńëå, çěň çěàŋëå.

16. Ğăďăçă Ůěąëèěćă. Őŕàěďěńĺâì ćěàőïâŋőáâì âőčő, çâő ŋăŕĺáăŋŋăï ŋăãďăçã

ŕàőáâăï ďàőąì m/n ŋěáőłàăâĺňă.

17. Ďőłăğăâì ŋěàăćěŋáâćő Ąěńńă: ďńï ∀A, B, C ∈ F P (AB) ≤ P (AC) + P ( BC̄ ) .

18. Řăďĺőńőłăæĺőŋŋăï áâăŋæĺï ćěďěâ ŋăąńîďěŋĺě ğă k őąêěłâăňĺ. Ğă ćàěňï ŋăąńîďěŋĺï i-âëľ őąêěłâ ňőęěâ ąëâì ŕőâěàïŋ á ćěàőïâŋőáâìî pi (i = 1, 2, . . . , k). Ŋăľâĺ ćěàőïâŋőáâì áńěďãîéĺå áőąëâĺľ: A - ŋĺ őďĺŋ őąêěłâ ŋě ąãďěâ ŕőâěàïŋ; B - ąãďěâ ŕőâěàïŋő ŋě ňěŋěě őďŋőčő őąêěłâă; C - ąãďěâ ŕőâěàïŋő ŋě ąőńěě őďŋőčő őąêěłâă.

19. Ŕãáâì áőąëâĺï A1, A2, ..., An ŋěğăćĺáĺňë ć áőćőłãŕŋőáâĺ ĺ P (Ak) = pk. Ďőłăğăâì, çâő ćěàőïâŋőáâì ŕőïćńěŋĺï åőâï ąë őďŋőčő ĺğ áőąëâĺľ A1, A2, ..., An ąőńìèě_{n∑} k=1 p_k ∫ 0 e^{−x}dx. 20. Šàőě ĺčàőłőć ŕőőçěàěďŋő ąàőáăîâ ňőŋěâã. Ćëĺčàëćăěâ âőâ, ã łőčő àăŋìèě ćëŕăďěâ ”čěàą”. Őŕàěďěńĺâì ćěàőïâŋőáâĺ ćëĺčàëèă ďńï łăęďőčő ĺğ ĺčàőłőć.

21. Ďőłăğăâì, çâő ěáńĺ^{n⋂}_{i=1} Ai ⊂ B, âő

P (B) ≥ 1 + n∑ i=1 P (A_i) − n. 22. Ăáŕĺàăŋâ ŋăŕĺáăń n ŕĺáěň ĺ ć áŕěèłě ğăłńěĺń łőŋćěàâë, ŋě ŕőďŕĺáăć ĺå.

Ŋě ĺňěï áàěďáâć ŋă ŕàĺőąàěâěŋĺě ŋőćëå łőŋćěàâőć, őŋ àěèĺń ŕőďŕĺáăâì łőŋćěàâë ”ŋă ăćőáì”. Łăłőćă ćěàőïâŋőáâì, çâő åőâï ąë őďĺŋ ăďàěáăâ ŕőńãçĺâ áćőě ŕĺáìňő? Őæěŋĺâì íâã ćěàőïâŋőáâì ďńï ąőńìèĺå n.

ŐŠĆĚŠŻ

Ğăŋïâĺě 2 2. ă) ďă, ą) ďă.

4. 57/115. 5. 0.3.

6. ă) ŋěâ, ą) ďă, ć) ďă, č) ŋěâ, ď) ďă. 7. ă) ďă, ą) ďă, ć) ŋěâ, č) ďă. 8. ă) 2p, ą) 2p − p^2.

9. ă) n > 1/ log_2 (1.2) ; ą) n > 1/ log_5 (1.2).

11. 3/4.

12. Ąőńěě ćěàőïâŋő, çâő ďőáâăŋěâ.

13. 1) 1/3, 2) 5/6. 14. 1/n. 15.^{k−1} ∑ i=0 C^{2k−i}_m C^i_n/C^{2k}_{m+n}. 16. P = ( 1 −^1_{22} ) ( 1 −^1_{32} ) ( 1 −^1_{52} ) ( 1 −^1_{72} ) · . . . = 6/π^2.

20. 4/7, 2/7, 1/7. 22.^n ∑ k=1 (−1)^{k−1} /k! → 1 − 1/e ≃ 0.63 ŕàĺ n → ∞.

Ğăŋïâĺě 3

ŤŐŘŇŞŃĂ ŔŐŃŊŐĽ ĆĚŘŐ§ŠŊŐŚŠĹ. ŤŐŘŇŞŃĂ ĄĂĽĚŚĂ.

ŚŢĚŇĂ ŊĚĞĂĆĹŚĹŇŻŢ ĹŚŔŻŠĂŊĹĽ

Łőŋěçŋëľ ŋăąőà áőąëâĺľ {H1, H2, . . . , Hn} ŋăğëćăěâáï ŕőńŋőľ čàãŕŕőľ, ěáńĺ 1)

H_1 ⋃ H_2 ⋃ . . . ⋃ H_n = Ω, 2) H_i ⋂ H_j = ∅ ŕàĺ i ≠ j.

Ěáńĺ {H1, H2, . . . , Hn} - ŕőńŋăï čàãŕŕă áőąëâĺľ ĺ P (Hi) > 0, ∀i, âő ďńï ńîąőčő áőąëâĺï A ĺňěěâ ňěáâő äőàňãńă ŕőńŋőľ ćěàőïâŋőáâĺ

P (A) = n∑ i=1 P (H_i) P (A | H_i) . Ďńï ńîąëå ďćãå áőąëâĺľ A, B ŋěŋãńěćőľ ćěàőïâŋőáâĺ áŕàăćěďńĺćă äőàňãńă Ąăľ- ěáă P (B | A) = P (B) P (A | B) P (A) . Ć çăáâŋőáâĺ, ěáńĺ {H1, H2, . . . , Hn} - ŕőńŋăï čàãŕŕă áőąëâĺľ ĺ P (A) > 0, P (Hi) >

0, ∀i, âő

P (H_i | A) =

P (H_i) P (A | H_i) P (A) = P (H_i) P (A | H_i) n∑ j=1 P (H_j) P (A | H_j) − - âěőàěňă Ąăľěáă. Ŕőáńěďŋïï äőàňãńă ŕőğćőńïěâ ŋăľâĺ ăŕőáâěàĺőàŋëě (ŕőáńěőŕëâŋëě) ćěàőïâŋőáâĺ P (Hi | A) čĺŕőâěğ Hi çěàěğ ĺå ăŕàĺőàŋëě (ďőőŕëâŋëě) ćěàőïâŋőáâĺ

P (H_i) ĺ ãáńőćŋëě ćěàőïâŋőáâĺ áőąëâĺï A ŕő őâŋőèěŋĺî ł čĺŕőâěğăň H_j.

Ěáńĺ ŕàőĺğćőďĺâáï n ŋěğăćĺáĺňëå őŕëâőć ć őďĺŋăłőćëå ãáńőćĺïå, ŕàĺçěň łăęďëľ őŕëâ ňőęěâ ĺňěâì k ćğăĺňőĺáłńîçăîéĺå ĺáåőďőć A1, A2, . . . , Ak á ćěàőïâŋő- áâïňĺ p1, p2, . . . , pk ( k∑ j=1 p_j = 1 ) , âő ćěàőïâŋőáâì âőčő, çâő ć m1 őŕëâăå ŕőïćĺâáï áő-

ąëâĺě A1, ć m2 őŕëâăå - áőąëâĺě A2 ĺ â.ď., ć mk őŕëâăå - áőąëâĺě Ak ( k∑ i=1 m_i = n ) ćëàăęăěâáï äőàňãńőľ P_{m1,m2,...,mk;n} = n! m_1!m_2! . . . m_k!

p^{m1}_1 p^{m2}_2 . . . p^{mk}_k .

Ć çăáâŋőň áńãçăě ďćãå ĺáåőďőć (áőąëâĺě A ŕőïćńïěâáï ć őďŋőň ĺáŕëâăŋĺĺ á ćěàőïâŋőáâìî p ĺ ŋě ŕőïćńïěâáï á ćěàőïâŋőáâìî q = 1 − p) ŕőńãçăěň âăł ŋăğëćăěňãî áåěňã ĺáŕëâăŋĺľ Ąěàŋãńńĺ. Ťőàňãńă ďńï ćěàőïâŋőáâĺ ŕőïćńěŋĺï áőąëâĺï A àőćŋő m àăğ ć n ŋěğăćĺáĺňëå ĺáŕëâăŋĺï ŕàĺőąàěâăěâ ćĺď P_{m;n} = C^m_n p^mq^{n−m}, m = 0, 1, . . . , n. 1. Ĺňěîâáï ďćă őďĺŋăłőćëå ïéĺłă á èăàăňĺ: ć őďŋőň 2 ąěńëå ĺ 1 çěàŋëľ èăà, ć ďàãčőň - 1 ąěńëľ ĺ 4 çěàŋëå èăàă. Ŋăãďăçã ćëąĺàăîâ őďĺŋ ĺğ ïéĺłőć ĺ ćëŋĺňăîâ ĺğ ŋěčő èăà. Łăłőćă ćěàőïâŋőáâì, çâő íâőâ èăà ąěńëľ ?

2. Ć ãàŋě n èăàőć, ŕàĺçěň ćáě ŕàěďŕőńőęěŋĺï ő łőńĺçěáâćě ć ŋěľ çěàŋëå èăàőć àăćŋőćěàőïâŋë. Ŕőáńěďőćăâěńìŋő ĺğćńěçěŋë k èăàőć, őłăğăćèĺěáï çěàŋëňĺ. Łăłőćă ćěàőïâŋőáâì, çâő ćáě n èăàőć ć ãàŋě çěàŋëě, ěáńĺ èăà ŕőáńě ćëěňłĺ: ă) őŕãáłăěâáï őąàăâŋő, ą) őąàăâŋő ŋě őŕãáłăěâáï.

3. Ĺğ ŕőńŋőčő ŋăąőàă łőáâěľ ďőňĺŋő ŋăãčăď ąěàãâáï ďćě łőáâĺ. Ŋăľâĺ ćěàőïâŋőáâì ”áâëłőćłĺ” íâĺå łőáâěľ.

4. Ćěàőïâŋőáâì ŕőáâãŕńěŋĺï k ćëğőćőć ŋă âěńěäőŋŋãî áâăŋæĺî ğă ćàěňï t àăćŋă

P_k (t). Łőńĺçěáâćă ćëğőćőć ğă ńîąëě ďćă áőáěďŋĺå ŕàőňěęãâłă ćàěňěŋĺ ŋěğăćĺ-

áĺňë. Śőáâăćĺâì äãŋłæĺőŋăńìŋőě ãàăćŋěŋĺě ďńï őŕàěďěńěŋĺï äãŋłæĺĺ Pk (t). Ŕàőćěàĺâì, çâő äãŋłæĺï:

P_k (t) = (λt)^k k! e^{−λt}, λ > 0 áńãęĺâ àěèěŋĺěň íâőčő ãàăćŋěŋĺï.

5. Śâãďěŋâ ŋăŕàăćńïěâáï ŋă ńěłæĺî ŕő âěőàĺĺ ćěàőïâŋőáâěľ, ďěńăï őçěàěďŋőľ èăč ć ŋăŕàăćńěŋĺĺ ăãďĺâőàĺĺ á ćěàőïâŋőáâìî p ĺ, á ćěàőïâŋőáâìî 1 − p èăčăï ć ŕàïňő ŕàőâĺćőŕőńőęŋőň ŋăŕàăćńěŋĺĺ. Łăłőćă ćěàőïâŋőáâì, çâő őŋ ąãďěâ ŕàĺáãâáâćőćăâì ŋă ńěłæĺĺ, ěáńĺ ďő ăãďĺâőàĺĺ őáâăěâáï: ă) őďĺŋ èăč, ą) n èăčőć?

6. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő 100 ńăňŕőçěł, ćğïâëå ŋăãďăçã ĺğ 1000, őłăęãâáï ĺáŕàăćŋëňĺ, ěáńĺ çĺáńő ŋěŕàĺčőďŋëå ŋă 1000 èâãł àăćŋőćőğňőęŋő őâ 0 ďő 5.

7. Ĺğ çĺáěń 1, 2, . . . , n őďŋő ğă ďàãčĺň ćëąĺàăîâ ŋăãčăď ďćă çĺáńă. Łăłőćă ćěàőïâŋőáâì âőčő, çâő àăğŋőáâì ňěęďã ŕěàćëň ĺ ćâőàëň ćëąàăŋŋëň çĺáńőň ąãďěâ ŋě ňěŋìèě m (m > 0)?

8. Ĺğ ŕăàâĺĺ ć 5 ĺğďěńĺľ ŋăãďăçã ćğïâő őďŋő ĺğďěńĺě, őłăğăćèěěáï ąàăłőćăŋŋëň.

Łăłăï čĺŕőâěğă ő łőńĺçěáâćě ąàăłőćăŋŋëå ĺğďěńĺľ ć ŕăàâĺĺ ŋăĺąőńěě ŕàăćďőŕőďőąŋă ?

9. Ć ãáńőćĺïå ğăďăçĺ 3.6 őŕàěďěńĺâì ćěàőïâŋőáâì őâáãâáâćĺï ąàăłőćăŋŋëå ńăňŕőçěł ć ŕăàâĺĺ ĺğ 1000 èâãł, ěáńĺ áàěďĺ ćğïâëå 100 ćáě őłăğăńĺáì ĺáŕàăćŋëňĺ.

10. Ďćă áâàěńłă ŋěğăćĺáĺňő ďàãč őâ ďàãčă áőćěàèăîâ ŕő őďŋőňã ćëáâàěńã ć őąéãî ňĺèěŋì. Ćěàőïâŋőáâì ŕőŕăďăŋĺï ć ňĺèěŋì ďńï ŕěàćőčő áâàěńłă àăćŋă 0.8, ďńï ćâőàőčő - 0.4. Ŕőáńě áâàěńìąë ć ňĺèěŋĺ őąŋăàãęěŋă őďŋă ŕàőąőĺŋă. Łăłőćă ćěàőïâŋőáâì, çâő ć ňĺèěŋì ŕőŕăń ŕěàćëľ áâàěńőł ?

11. Šàőě őåőâŋĺłőć őďŋőćàěňěŋŋő ćëáâàěńĺńĺ ŕő łăąăŋã, ŋő âőńìłő őďŋă ĺğ ŕãńì ŕőŕăńă ć æěńì, áàăğĺć łăąăŋă ŋăŕőćăń. Ŋăľâĺ ćěàőïâŋőáâĺ âőčő, çâő ğćěàì ãąĺâ ŕěàćëň, ćâőàëň ĺ âàěâìĺň őåőâŋĺłőň, ěáńĺ ćěàőïâŋőáâĺ ŕőŕăďăŋĺï ć æěńì ďńï ŋĺå áőőâćěâáâćěŋŋő àăćŋë 0.2, 0.4, 0.6.

12. Ŋă ćåőď àăďĺőńőłăæĺőŋŋőčő ãáâàőľáâćă á ćěàőïâŋőáâìî p ŕőáâãŕăěâ áňěáì ŕőńěğŋőčő áĺčŋăńă á ŕőňěåőľ, ă á ćěàőïâŋőáâìî (1 − p) - âőńìłő őďŋă ŕőňěåă. Ěáńĺ ŕőáâãŕăěâ ŕőńěğŋëľ áĺčŋăń á ŕőňěåőľ, âő ãáâàőľáâćő àěčĺáâàĺàãěâ ŋăńĺçĺě łăłőčő-âő áĺčŋăńă á ćěàőïâŋőáâìî p1 (ćěàőïâŋőáâì ŕàőŕãáłă æěńĺ - (1 − p1)); ěáńĺ âőńìłő ŕőňěåă, âő á ćěàőïâŋőáâìî p2 (ńőęŋăï âàěćőčă). Ĺğćěáâŋő, çâő ãáâàőľáâćő ğăàěčĺáâàĺàőćăńő ŋăńĺçĺě łăłőčő-âő áĺčŋăńă. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ć ćőğňãéěŋĺĺ, ŕőáâãŕĺćèěň ŋă ćåőď àăďĺőńőłăæĺőŋŋőčő ãáâàőľáâćă, ďěľáâćĺâěńìŋő ĺňěěâáï ŕőńěğŋëľ áĺčŋăń.

13. Ůâő ćěàőïâŋěě ćëĺčàăâì ã àăćŋőáĺńìŋőčő ŕàőâĺćŋĺłă:

ă) âàĺ ŕăàâĺĺ ĺğ çěâëàěå ĺńĺ ŕïâì ĺğ ćőáìňĺ ?

ą) ŋě ňěŋěě âàěå ŕăàâĺľ ĺğ çěâëàěå ĺńĺ ŋě ňěŋěě ŕïâĺ ĺğ ćőáìňĺ ?

14. Ŕàĺ ŕěàěďăçě áőőąéěŋĺï ćěàőïâŋőáâì ĺáłăęěŋĺï őďŋőčő ğŋăłă àăćŋă 0.1. Łăłőćă ćěàőïâŋőáâì âőčő, çâő ć áőőąéěŋĺĺ ĺğ 10 ğŋăłőć: ă) ŋěâ ĺáłăęěŋĺľ, ą) àőćŋő âàĺ ĺáłăęěŋĺï, ć) ŋě ąőńěě âàěå ĺáłăęěŋĺľ?

15. Ćěàőïâŋőáâì ŕőŕăďăŋĺï ć æěńì ŕàĺ łăęďőň ćëáâàěńě àăćŋă 0.8. Śłőńìłő ŋãęŋő ŕàőĺğćěáâĺ ćëáâàěńőć, çâőąë ŋăĺćěàőïâŋěľèěě çĺáńő ŕőŕăďăŋĺľ àăćŋïńőáì 20?

16. Ŕàőáâěľèĺľ ćăàĺăŋâ ĺčàë ”áěàáő” áőáâőĺâ ć ŋăąàăáëćăŋĺĺ łőńěæ ŋă łőńëèěł.

Ĺčàőł ŕőńãçăěâ 6 łőńěæ ĺ ąàőáăěâ ĺå ďő ŕěàćőčő ŕőŕăďăŋĺï. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő åőâï ąë őďŋő łőńìæő őłăęěâáï ŋěĺáŕőńìğőćăŋŋëň, ěáńĺ ćěàőïâŋőáâì ŕőŕăďăŋĺï ŕàĺ łăęďőň ąàőáłě àăćŋă 0.1.

17. Ĺňěěâáï N ńãŋőł, ŕő łőâőàëň áńãçăľŋëň őąàăğőň àăğąàăáëćăîâáï M èăàĺłőć.

Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ć ďăŋŋãî ńãŋłã ŕőŕăďěâ àőćŋő k èăàĺłőć.

18. Ĺčàăńìŋăï łőáâì ąàőáăěâáï 16 àăğ. Ŋăľâĺ ŋăĺćěàőïâŋěľèěě łőńĺçěáâćő ŕőïćńěŋĺľ çĺáńă őçłőć, łàăâŋőčő âàěň.

19. Ćěàőïâŋőáâì âőčő, çâő áâàěńőł ŕàĺ őďŋőň ćëáâàěńě ŕőŕăďěâ ć ”ïąńőçłő” ňĺèěŋĺ, àăćŋă 0.2, ă ć őáâăńìŋãî çăáâì ňĺèěŋĺ - 0.5. Ŋăľâĺ ćěàőïâŋőáâì âőčő, çâő ŕàĺ 10 ćëáâàěńăå çěâëàě ŕãńĺ őłăęãâáï ć ”ïąńőçłě” ĺ 4 - ć őáâăńìŋőľ çăáâĺ ňĺèěŋĺ.

20. Ňăâç ğă ğćăŋĺě çěňŕĺőŋă ňĺàă ŕő èăåňăâăň ňěęďã àăćŋőáĺńìŋëňĺ ć âő ćàěňï čàőááňěľáâěàăňĺ Łăàŕőćëň ĺ Łăáŕăàőćëň, ĺčàăćèĺľáï ďő èěáâĺ ŕőąěď őďŋőčő ĺğ ãçăáâŋĺłőć (ŋĺçìĺ ŋě ć áçěâ), ąëń ŕàěłàăéěŋ ŕàĺ áçěâě 5 : 3 ć ŕőńìğã Łăàŕőćă ććĺďã äĺğĺçěáłőčő ĺáâőéěŋĺï őąőĺå ŕàěâěŋďěŋâőć. Ć łăłőľ ŕàőŕőàæĺĺ áńěďãěâ àăğďěńĺâì ŕàĺğőćőľ äőŋď ňăâçă, ěáńĺ ňëáńěŋŋő áŕàőčŋőğĺàőćăâì ěčő ćőğňőęŋőě ŕàőďőńęěŋĺě ?

ŐŠĆĚŠŻ

Ğăŋïâĺě 3

1. 13/30.

2. ă) n^k/^{n∑}_{i=1} i^k, ą) C^k_n/^{n∑}_{i=k} C^k_i .

3. 7/18.

4. P_k (t + τ) =^k ∑ i=0 P_i (t) P_{k−i} (τ). 5. ă) P1 = (1 − |2p − 1|) /2 (1 − p) ; ą) Pn = (P1)^n.

6.^5 ∑ k=0 C^{100}_{1000−k}/6C^{100}_{1000}.

7. (n − m) (n + 1 − m) /2n^2.

8. Ćáě ĺğďěńĺï - ąàăłőćăŋŋëě.

9. C^{100}_{1000}/^5 ∑ k=0 C^{100}_{1000−k}.

10. 6/7.

11. 0.10, 0.28, 0.62. 12. pp_1/ [p_2 + p (p_1 − p_2)].

13. ă) âàĺ ŕăàâĺĺ ĺğ çěâëàěå, ą) ŋě ňěŋěě ŕïâĺ ŕăàâĺľ ĺğ ćőáìňĺ. 14. ă) (0.9)^{10} ; ą) C^3_{10} (0.1)^3 (0.9)^7 ; ć)^{3∑}_{k=0} C^k_{10} (0.1)^k (0.9)^{10−k}.

15. 24 ĺńĺ 25. 16. 0.41.

17. C^k_M (N − 1)^{M−k} /N^M . 18. 5.

19. 0.028. 20. 7 : 1.

Ğăŋïâĺě 4

ŚŃŞŮĂĽŊŻĚ ĆĚŃĹŮĹŊŻ

Ŕãáâì ξ - áńãçăľŋăï ćěńĺçĺŋă, ŕàĺŋĺňăîéăï ŋě ąőńěě çěň áçěâŋőě çĺáńő ĺğőńĺàőćăŋŋëå ćőğňőęŋëå ğŋăçěŋĺľ c1, c2, . . . , cn, . . . á ćěàőïâŋőáâïňĺ P (ξ = ci) = pi, ∑ i≥1 p_i = 1. Šőčďă ξ ŋăğëćăîâ ďĺáłàěâŋőľ áńãçăľŋőľ ćěńĺçĺŋőľ, ă áőćőłãŕŋőáâì ćěàő-

ïâŋőáâěľ {p1, p2, . . . , pn, . . .} - àïďőň àăáŕàěďěńěŋĺï íâőľ ćěńĺçĺŋë.

Ťãŋłæĺï àăáŕàěďěńěŋĺï Fξ (x) áńãçăľŋőľ ćěńĺçĺŋë ξ őŕàěďěńïěâáï àăćěŋáâćőň F_ξ (x) = P {ξ < x} , x ∈ ℜ^1. Őŋă ŋăğëćăěâáï ăąáőńîâŋő ŋěŕàěàëćŋőľ, ěáńĺ áãéěáâćãěâ äãŋłæĺï fξ (x) âăłăï, çâő

F_ξ (x) = x∫ −∞ f_ξ (t) dt, x ∈ ℜ^1. Śńãçăľŋăï ćěńĺçĺŋă ξ ć íâőň áńãçăě ŋăğëćăěâáï ŋěŕàěàëćŋőľ, ă fξ (x) ŋăğëćăěâáï ŕńőâŋőáâìî àăáŕàěďěńěŋĺï ćěàőïâŋőáâěľ ξ ĺńĺ ŕàőáâő ŕńőâŋőáâìî ćěàőïâŋőáâĺ.

Ŕàĺňěàőň ŋěŕàěàëćŋőľ áńãçăľŋőľ ćěńĺçĺŋë áńãęĺâ čăãááőćă (ŋőàňăńìŋăï) áńãçăľŋăï ćěńĺçĺŋă á ŕăàăňěâàăňĺ (a, σ^2):

f_ξ (x) = 1 √ 2πσ exp { − (x − a)^2

2σ^2 } , x ∈ ℜ^1. Ňőďőľ ŋěŕàěàëćŋőľ áńãçăľŋőľ ćěńĺçĺŋë ŋăğëćăěâáï ćáïłőě çĺáńő, ć łőâőàőň ŕńőâŋőáâì fξ (x) ďőáâĺčăěâ áćőěčő ńőłăńìŋőčő ňăłáĺňãňă. Ňěďĺăŋă me ŋăåőďĺâáï ĺğ áőőâŋőèěŋĺï P {ξ ≤ me} = P {ξ > me}. Ďńï áńãçăľŋëå ćěńĺçĺŋ áňěèăŋŋőčő âĺŕă, äãŋłæĺï àăáŕàěďěńěŋĺï łőâőàëå ŕàěďáâăćĺňă ć ćĺďě áãňňë Fg (x) + Fan (x), čďě Fg (x) - łãáőçŋő-ŕőáâőïŋŋăï äãŋłæĺï, ă

F_{an} (x) - ăąáőńîâŋő ŋěŕàěàëćŋăï äãŋłæĺï, ććőďĺâáï őąőąéěŋŋăï ŕńőâŋőáâì ćěàőïâ-

ŋőáâĺ_f

ξ (x) = ∑ k p_kδ (x − c_k) + f_{an} (x) , čďě: ck - âőçłĺ àăğàëćă äãŋłæĺĺ Fg (x) , pk - áłăçłĺ Fg (x) ć íâĺå âőçłăå, fan (x) - ŕńőâŋőáâì Fan (x), δ (x) - ďěńìâă-äãŋłæĺï Ďĺàăłă.

1. Ŕőáâàőĺâì àïď àăáŕàěďěńěŋĺï ĺ äãŋłæĺî àăáŕàěďěńěŋĺï çĺáńă ŕőŕăďăŋĺľ ňïçőň ć łőàğĺŋã ŕàĺ çěâëàěå ąàőáłăå, ěáńĺ ćěàőïâŋőáâì ŕőŕăďăŋĺï ŕàĺ őďŋőň ąàőáłě àăćŋă 0.3.

2. Ďćă ąăáłěâąőńĺáâă ŕőőçěàěďŋő ąàőáăîâ ňïç ŕő łőńìæã, ŕőłă őďĺŋ ĺğ ŋĺå ŋě ŕőŕăďěâ. Ŕãáâì ξi - çĺáńő ąàőáłőć i-čő ĺčàőłă (i = 1, 2). Ŕőáâàőĺâì äãŋłæĺĺ àăáŕàěďěńěŋĺï ďńï áńãçăľŋëå ćěńĺçĺŋ ξ1 ĺ ξ2, ěáńĺ ćěàőïâŋőáâĺ ŕőŕăďăŋĺï ďńï ĺčàőłőć àăćŋë áőőâćěâáâćěŋŋő 0.4 ĺ 0.6.

3. Ĺğ ŕăàâĺĺ ć 25 ĺğďěńĺľ, áàěďĺ łőâőàëå 6 ąàăłőćăŋŋëå, ćğïâë 3 ĺğďěńĺï. Ŕőáâàőĺâì àïď àăáŕàěďěńěŋĺï ĺ äãŋłæĺî àăáŕàěďěńěŋĺï çĺáńă ąàăłőćăŋŋëå ĺğďěńĺľ ć ćëąőàłě.

4. Ć áåěňě Ąěàŋãńńĺ á ŕăàăňěâàăňĺ n ĺ p ććěďěň áńãçăľŋãî ćěńĺçĺŋã ξi - ďńĺâěńìŋőáâì áěàĺĺ ”ŋěãáŕěåőć”, ŕàěďèěáâćãîéěľ i-őňã ãáŕěåã. Ďńï őŕàěďěńěŋŋőáâĺ äĺłâĺćŋőě (n + 1)-őě ĺáŕëâăŋĺě ąãďěň áçĺâăâì ãáŕěèŋëň. Őďĺŋăłőćő ńĺ àăáŕàěďěńěŋë áńãçăľŋëě ćěńĺçĺŋë ξi?

5. Ďőłăğăâì, çâő ěáńĺ F (x) - äãŋłæĺï àăáŕàěďěńěŋĺï ŋěłőâőàőľ áńãçăľŋőľ ćěńĺçĺŋë, âő ĺ äãŋłæĺĺ ćĺďă

Φ_h(x) = 1 h ∫ x+h x F (t)dt (h > 0) ňőčãâ ąëâì äãŋłæĺïňĺ àăáŕàěďěńěŋĺï.

6. Ŕãáâì ξ - ŋěŕàěàëćŋăï áńãçăľŋăï ćěńĺçĺŋă á ŕńőâŋőáâìî ćěàőïâŋőáâĺ fξ(x). Ŋăľâĺ P {a ≤ ξ ≤ b}, čďě −∞ ≤ a ≤ b ≤ +∞. 7. Ďőłăğăâì, çâő ŕńőâŋőáâì ćěàőïâŋőáâĺ fξ(x) őąńăďăěâ áńěďãîéĺňĺ áćőľáâćăňĺ:

(a) f_ξ(x) ≥ 0 ďńï ∀x ∈ ℜ^1, (b) ∫ ℜ1 f_ξ(x)dx = 1 (ãáńőćĺě ŋőàňĺàőćłĺ),

(c)^{+∞} ∫ me f_ξ(x)dx = 1/2. 8. Ŋăľâĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ, ňěďĺăŋã ĺ ňőďë ŋěŕàěàëćŋőľ áńãçăľŋőľ ćěńĺçĺŋë, ĺňěîéěľ äãŋłæĺî àăáŕàěďěńěŋĺï áńěďãîéěčő ćĺďă: (a) F_ξ (x) = x − a b − a · 1_{[a,b]} (x) + 1_{(b,∞)} (x) ; (b) F_ξ (x) = (a + b arcsin x) · 1_{[−1,1]} (x) + 1_{(1,∞)} (x) , a, b =? (c) F_ξ (x) = ( 1 − exp { − x^2 2σ^2 }) · 1 (+x) ; (d) F_ξ (x) = a + b arctan x, a, b =?

9. Ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï, ňěďĺăŋã ĺ ňőďë áńãçăľŋőľ ćěńĺçĺŋë, ĺňěîéěľ ŕńőâŋőáâì ćěàőïâŋőáâĺ áńěďãîéěčő ćĺďă:

(a) f_ξ(x) = α 1 + x^2 ; (b) f_ξ(x) = αe^{−αx} · 1 (x) ; (c) f_ξ(x) = α · 1_{{a≤|x|≤b}} (x) ; (d) f_ξ(x) = 1 √ 2πα exp { − (x − a)^2 2σ^2 } Ŕàĺ łăłĺå α ďăŋŋëě äãŋłæĺĺ ďěľáâćĺâěńìŋő ïćńïîâáï ŕńőâŋőáâïňĺ ćěàőïâŋőáâĺ ? Łăłőćă ćěàőïâŋőáâì, çâő |ξ| < 1 ć łăęďőň áńãçăě ?

10. Ćăáï ĺ Ŕěâï ďőčőćőàĺńĺáì ćáâàěâĺâìáï ć ąĺąńĺőâěłě ňěęďã 12 ĺ 13 çăáăňĺ ďŋï.

Ŕàěďŕőńăčăï, çâő őŋĺ ŕàĺåőďïâ ŋěğăćĺáĺňő ĺ àăćŋőćőğňőęŋő ć âěçěŋĺě íâőčő çăáă, ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï ćàěňěŋĺ őęĺďăŋĺï Ćăáĺ Ŕěâěľ.

11. Ťãŋłæĺï àăáŕàěďěńěŋĺï ćàěňěŋĺ ξ ąěğőâłăğŋőľ àăąőâë ŕàĺąőàă ĺňěěâ ćĺď

F_ξ(t) = ( 1 − e^{−t/T} ) · 1 (t)

(ŕőłăğăâěńìŋőě àăáŕàěďěńěŋĺě). Ŋăľâĺ ňěďĺăŋã, ňőďë ĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ ξ. Łăłőćă ćěàőïâŋőáâì ąěğőâłăğŋőľ àăąőâë ŕàĺąőàă ć âěçěŋĺě ćàěňěŋĺ T ? Ďőłăğăâì, çâő ξ ãďőćńěâćőàïěâ áńěďãîéěňã ãáńőćĺî őâáãâáâćĺï ŕőáńěďěľáâćĺï P {t < ξ < s | ξ > t} = P {ξ < s − t} , t < s. Ďőłăğăâì, çâő áàěďĺ ćáěå àăáŕàěďěńěŋĺľ á ŋěŕàěàëćŋőľ äãŋłæĺěľ Fξ(t) őâáãâáâćĺěň ŕőáńěďěľáâćĺï őąńăďăěâ ńĺèì ŕőłăğăâěńìŋőě.

ŐŠĆĚŠŻ

Ğăŋïâĺě 4

4. Ŋěâ.

10. F_ξ (t) = 0, t ≤ 0 (1 + 2t − t^2) /2, 0 < t ≤ 1 1, t > 1

| | | | |. 11. P {ξ ≥ T } = 1/e.

Ğăŋïâĺě 5

ŇŐŇĚŊŠŊŻĚ ŢĂŘĂŁŠĚŘĹŚŠĹŁĹ ŚŃŞŮĂĽŊŻŢ ĆĚŃĹŮĹŊ

Ŋăçăńìŋëň ňőňěŋâőň n-čő ŕőàïďłă áńãçăľŋőľ ćěńĺçĺŋë ξ ŋăğëćăěâáï ğŋăçěŋĺě ĺŋâěčàăńă Śâĺńâìěáă

α_n = Mξ^n = ∫ ℜ1 x^ndF_ξ (x) . (1)

Ŋăçăńìŋëľ ňőňěŋâ ŕěàćőčő ŕőàïďłă α1 = Mξ ŋőáĺâ ŋăğćăŋĺě ňăâěňăâĺçěáłőčő őęĺďăŋĺï ĺńĺ áàěďŋěčő ğŋăçěŋĺï.

Űěŋâàăńìŋëň ňőňěŋâőň n-čő ŕőàïďłă ćěńĺçĺŋë ξ ŋăğëćăîâ ŋăçăńìŋëľ ňőňěŋâ n-čő ŕőàïďłă æěŋâàĺàőćăŋŋőľ áńãçăľŋőľ ćěńĺçĺŋë ξ − Mξ

μ_n = M (ξ − α_1)^n = ∫ ℜ1 (x − α_1)^n dF_ξ (x) . (2)

Űěŋâàăńìŋëľ ňőňěŋâ ŕěàćőčő ŕőàïďłă ćáěčďă àăćěŋ ŋãńî: μ1 = 0, ă æěŋâàăńìŋëľ ňőňěŋâ ćâőàőčő ŕőàïďłă μ2 = M (ξ − Mξ)^2 ŋăğëćăîâ ďĺáŕěàáĺěľ áńãçăľŋőľ ćěńĺçĺŋë ĺ őąőğŋăçăîâ çěàěğ Dξ. Ćěńĺçĺŋă σξ =^√Dξ, ĺňěŋãěňăï áàěďŋě-łćăďàăâĺçŋëň őâłńőŋěŋĺěň, åăàăłâěàĺğãěâ àăğąàőá ğŋăçěŋĺľ áńãçăľŋőľ ćěńĺçĺŋë ξ őâŋőáĺâěńìŋő áàěďŋěčő ğŋăçěŋĺï.

Ĺŋâěčàăńë (1) ĺ (2) ďńï ďĺáłàěâŋőľ áńãçăľŋőľ ćěńĺçĺŋë á àïďőň àăáŕàěďěńěŋĺï

c_i | p_i ŕàĺŋĺňăîâ ćĺď łőŋěçŋëå áãňň ĺńĺ àïďőć:

α_n = ∑ i≥1 c^n_i p_i, μ_n = ∑ i≥1 (c_i − Mξ)^n p_i (àïďë ŕàěďŕőńăčăîâáï ăąáőńîâŋő áåőďïéĺňĺáï), ă ďńï ŋěŕàěàëćŋőľ áńãçăľŋőľ ćěńĺçĺŋë á ŕńőâŋőáâìî ćěàőïâŋőáâĺ fξ (x) ğăŕĺáëćăîâáï ć ćĺďě ĺŋâěčàăńőć Řĺňăŋă:

α_n = ∞∫ −∞ x^nf_ξ (x) dx, μ_n = ∞∫ −∞ (x − Mξ)^n f_ξ (x) dx. Ďńï áńãçăľŋőľ ćěńĺçĺŋë áňěèăŋŋőčő âĺŕă ŋăçăńìŋëě ĺ æěŋâàăńìŋëě ňőňěŋâë ćëçĺáńïîâáï ŕő äőàňãńăň:

α_n = ∑ k c^n_k p_k + ∞∫ −∞ x^nf_{an} (x) dx, μ_n = ∑ k (c_k − Mξ)^n p_k + ∞∫ −∞ (x − Mξ)^n f_{an} (x) dx. 1. Ŕàőĺğćőďïâáï ŋěğăćĺáĺňëě ĺáŕëâăŋĺï âàěå ĺğďěńĺľ, ćěàőïâŋőáâĺ őâłăğőć łőâőàëå àăćŋë áőőâćěâáâćěŋŋő p1, p2, p3. Ďőłăğăâì, çâő ňăâěňăâĺçěáłőě őęĺďăŋĺě çĺáńă őâłăğăćèĺå ĺğďěńĺľ àăćŋő p1 + p2 + p3.

2. Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî çĺáńă őçłőć, ćëŕăďăîéĺå ŕàĺ ąàőáăŋĺĺ őďŋőľ ĺčàăńìŋőľ łőáâĺ.

3. Ňŋőęěáâćő ćőğňőęŋëå ğŋăçěŋĺľ áńãçăľŋőľ ćěńĺçĺŋë ξ áőáâőĺâ ĺğ ďćãå çĺáěń a ĺ b. Ďńï łăłőčő àïďă àăáŕàěďěńěŋĺï ćěńĺçĺŋë ξ ďĺáŕěàáĺï Dξ ňăłáĺňăńìŋă ?

4. Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě çĺáńă ćëĺčàëèŋëå ńőâěàěľŋëå ąĺńěâőć ĺğ 40 ŕàĺőąàěâěŋŋëå, ěáńĺ ćěàőïâŋőáâì ćëĺčàëèă àăćŋă 0.05.

5. Ĺğ áőáãďă, áőďěàęăéěčő m ąěńëå ĺ n çěàŋëå èăàőć, ŕőáńěďőćăâěńìŋő ĺğćńěłăîâ èăàë ďő ŕőïćńěŋĺï ąěńőčő èăàă. Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî çĺáńă ćëŋãâëå çěàŋëå èăàőć, ěáńĺ łăęďëľ èăà ŕőáńě ĺğćńěçěŋĺï ćőğćàăéăěâáï ć áőáãď.

6. Ăćâőňăâĺçěáłăï ńĺŋĺï ćëŕãáłăěâ ąàăłőćăŋŋőě ĺğďěńĺě á ćěàőïâŋőáâìî p. Ŕěàěŋăńăďłă ńĺŋĺĺ ŕàőĺğćőďĺâáï áàăğã ŕőáńě ćëŕãáłă ąàăłőćăŋŋőčő ĺğďěńĺï. Ŋăľâĺ áàěďŋěě çĺáńő ćáěå ĺğďěńĺľ, ĺğčőâőćńïěňëå ňěęďã ďćãňï ŕěàěŋăńăďłăňĺ.

7. Śńãçăľŋăï ćěńĺçĺŋă ξ ŕàĺŋĺňăěâ âőńìłő æěńëě ŋěőâàĺæăâěńìŋëě ğŋăçěŋĺï. Ďőłăğăâì, çâő Mξ = ∞∑ k=1 P {ξ ≥ k} , ěáńĺ Mξ < +∞.

8. Ĺğ ãàŋë, ć łőâőàőľ ŋăåőďïâáï ďćă ąěńëå ĺ âàĺ çěàŋëå èăàă, ćëŋĺňăěâáï áàăğã ďćă èăàă. Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî çĺáńă ŕőïćĺćèĺåáï ŕàĺ íâőň ąěńëå èăàőć.

9. Ŕő ŋěłőâőàőľ æěńĺ ŕàőĺğćőďïâ n ŋěğăćĺáĺňëå ćëáâàěńőć. Ćěàőïâŋőáâĺ ŕőŕăďăŋĺï ć æěńì ďńï íâĺå ćëáâàěńőć àăćŋë p1, p2, . . . , pn. Ďńï ãŕàőéěŋĺï ćëçĺáńěŋĺľ íâĺ ćěàőïâŋőáâĺ ãáàěďŋïîâ, ğăňěŋïï őďŋőľ ŕőáâőïŋŋőľ

p̄ = 1 n n∑ i=1 p_i. Ŕő p̄ őŕàěďěńïîâ ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî çĺáńă ŕőŕăďăŋĺľ. Śŕàăćěďńĺćő ńĺ âăłőě ćëçĺáńěŋĺě?

10. Ŋěőâàĺæăâěńìŋăï áńãçăľŋăï ćěńĺçĺŋă ξ ĺňěěâ äãŋłæĺî àăáŕàěďěńěŋĺï Fξ (x).

Ďőłăğăâì, çâő ěáńĺ Mξ áãéěáâćãěâ, âő Mξ = ∞∫ 0 [1 − F_ξ (x)] dx. 11. Őŕàěďěńĺâì ãáńőćĺï, ŕàĺ łőâőàëå âàěâĺľ æěŋâàăńìŋëľ ňőňěŋâ ąĺŋőňĺăńìŋőľ áńãçăľŋőľ ćěńĺçĺŋë àăćěŋ ŋãńî.

12. Šőçłă A ąàőáăěâáï ŋăãďăçã ćŋãâàì łàãčă àăďĺãáă R. Ŋăľâĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ ĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě áńãçăľŋőľ ćěńĺçĺŋë ξ - àăááâőïŋĺï őâ âőçłĺ A ďő æěŋâàă łàãčă, áçĺâăï àăćŋőćőğňőęŋëň ŕőŕăďăŋĺě âőçłĺ ć ńîąőě ňěáâő łàãčă.

13. Ŕńőâŋőáâì ćěàőïâŋőáâĺ áńãçăľŋőľ ćěńĺçĺŋë ξ ĺňěěâ ćĺď (ğăłőŋ ăàłáĺŋãáă)

f_ξ (x) = 1/ ( π √ a^2 − x^2 ) · 1_{(−a,a)} (x) . Ŋăľâĺ ďĺáŕěàáĺî áńãçăľŋőľ ćěńĺçĺŋë ξ.

14. Őčĺąăîéăï ãğłőŕőńőáŋőčő ŋőàňăńìŋőčő èãňă ξ ğăďăěâáï ŕńőâŋőáâìî ćěàőïâŋőáâĺ (ğăłőŋ Říńěï)

f_ξ (x) = x σ^2 exp { − x^2 2σ^2 } · 1 (x) . Őďĺŋăłőćő ńĺ çăáâő ćáâàěçăîâáï ğŋăçěŋĺï ξ, ąőńìèĺě ĺ ňěŋìèĺě ňăâěňăâĺçěáłőčő őęĺďăŋĺï Mξ ?

15. Ăąáőńîâŋăï ćěńĺçĺŋă áłőàőáâĺ ňőńěłãń čăğă ξ ŕőďçĺŋïěâáï ğăłőŋã Ňăłáćěńńă

f_ξ (v) =

4h^3 √ π v^2e^{−h2v2} · 1 (v) .

Ŋăľâĺ Mξ ĺ Dξ.

16. Ĺŋâěŋáĺćŋőáâì čàőğőćëå àăğàïďőć ξ ăŕŕàőłáĺňĺàãěâáï ńőčăàĺäňĺçěáłĺ ŋőàňăńìŋëň àăáŕàěďěńěŋĺěň

f_ξ (x) = 1 βx √ 2π exp { − 1 2β^2

(ln x − a)^2 } · 1 (x) . Ŋăľâĺ Mξ ĺ Dξ.

17. Ňőňěŋâőň k-čő ŕőàïďłă áńãçăľŋőľ ćěńĺçĺŋë ξ őâŋőáĺâěńìŋő âőçłĺ a ŋăğëćăěâáï ğŋăçěŋĺě ĺŋâěčàăńă Śâĺńâìěáă

ν_k (a) = ∞∫ −∞ (x − a)^k dF_ξ (x) . Ŕàĺ łăłőň a ćâőàőľ ňőňěŋâ ν2 (a) ŕàĺŋĺňăěâ ŋăĺňěŋìèěě ğŋăçěŋĺě ?

18. Ďőłăğăâì, çâő ďńï ńîąőľ áńãçăľŋőľ ćěńĺçĺŋë ξ, ğŋăçěŋĺï łőâőàőľ ğăłńîçěŋë ć őâàěğłě [a, b], ĺňěîâ ňěáâő ŋěàăćěŋáâćă: a ≤ Mξ ≤ b; Dξ ≤ ( b − a 2 )2 . Ďńï łăłőčő àăáŕàěďěńěŋĺï ďőáâĺčăěâáï àăćěŋáâćő Dξ = ( b − a 2 )2 ?

19. Ŕő áâőàőŋăň ŕàïňőčő ãčńă XOY áłőńìğĺâ łőŋæăňĺ ńĺŋěľłă AB ďńĺŋë l, ğăŋĺňăï áńãçăľŋőě ŕőńőęěŋĺě ć äĺłáĺàőćăŋŋëľ ňőňěŋâ ćàěňěŋĺ. Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě àăááâőïŋĺï őâ ŋăçăńă łőőàďĺŋăâ ďő ńĺŋěľłĺ, áçĺâăï ćáě ğŋăçěŋĺï ăąáæĺááë ξ łőŋæă A ńĺŋěľłĺ ŋă őáĺ OX àăćŋőćěàőïâŋëňĺ.

20. Ŕãáâì μk -k-ëľ æěŋâàăńìŋëľ ňőňěŋâ áńãçăľŋőľ ćěńĺçĺŋë ξ. Ďőłăğăâì, çâő

μ_4μ_2 − μ^2_3 ≥ μ^3_2.

21. Ćěàőïâŋőáâì âőčő, çâő çăáâĺæă ŋă ãçăáâłě ŕãâĺ [l, l + dl] áâőńłŋěâáï á ďàãčőľ çăáâĺæěľ àăćŋă λdl. Ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï ďńĺŋë áćőąőďŋőčő ŕàőąěčă (ąěğ áâőńłŋőćěŋĺľ) ξ, ă âăłęě ěě ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî.

ŐŠĆĚŠŻ

Ğăŋïâĺě 5

2. 3.5, 35/12. 3. P {ξ = a} = P {ξ = b} = 1/2. 4. 2.

5. n/m, n (n + m) /m^2. 6. 1/p.

8. 0.8, 0.36.

9. Śŕàăćěďńĺćő ďńï ňăâěňăâĺçěáłőčő őęĺďăŋĺï, ŋő ŋě ďńï ďĺáŕěàáĺĺ.

11. μ_3 = np (1 − p) (1 − 2p).

12. f_ξ (r) = (2r/R^2) 1_{[0,R]} (r), Mξ = 2R/3. 13. a^2/2.

14. Ŋěâ.

15. 2/ √ πh, (3π − 8) /2πh^2.

16. e^{α+β2/2}, e^{2α+β2} ( e^{β2} − 1 ) . 17. a = Mξ. 19. l/3.

21. F_ξ (x) = ( 1 − e^{−λx} ) · 1 (x), Mξ = 1/λ, Dξ = 1/λ^2.

Ğăŋïâĺě 6 ŚŃŞŮĂĽŊŻĽ ĆĚŁŠŐŘ Śńãçăľŋëň n-ňěàŋëň ćěłâőàőň ŋăğëćăěâáï ãŕőàïďőçěŋŋëľ ŋăąőà n áńãçăľŋëå ćěńĺçĺŋ^⃗ξ = {ξ1, ξ2, . . . , ξn}, ğăďăŋŋëå ŋă őďŋőň ćěàőïâŋőáâŋőň ŕàőáâàăŋáâćě. Ťãŋłæĺï àăáŕàěďěńěŋĺï ćěłâőàă^⃗ξ ć âőçłě ⃗x őŕàěďěńïěâáï ćěàőïâŋőáâìî áőąëâĺï Ω⃗x =

{(ξ_1 < x_1) ∩ . . . ∩ (ξ_n < x_n)}: F_{⃗ξ} (⃗x) ≡ F_{ξ1...ξn} (x_1, . . . , x_n) ≡ P {ξ_1 < x_1, . . . , ξ_n < x_n} . Ěáńĺ ĺňěěâ ňěáâő ŕàěďáâăćńěŋĺě: ďńï ∀⃗x ∈ ℜ^n F_{ξ1...ξn} (x_1, . . . , x_n) = x1∫ −∞ . . . xn∫ −∞ f_{ξ1...ξn} (t_1, . . . , t_n) dt_1 . . . dt_n, âő äãŋłæĺî f_{⃗ξ} (⃗x) = ∂^nF_{⃗ξ} (⃗x) ∂x_1 . . . ∂x_n ŋăğëćăîâ ŕńőâŋőáâìî àăáŕàěďěńěŋĺï áńãçăľŋőčő ćěłâőàă^⃗ξ.

Ŕàĺňěàőň ďćãňěàŋőčő áńãçăľŋőčő ćěłâőàă áńãęĺâ ŋőàňăńìŋëľ ćěłâőà (ξ, η) á ŕăàăňěâàăňĺ (a1, a2, σ^2_1, σ^2 , r), ŕńőâŋőáâì àăáŕàěďěńěŋĺï łőâőàőčő ĺňěěâ ćĺď f_{ξη} (x, y) = = 1 2πσ_1σ_2 √ 1 − r^2 exp { − 1 2 (1 − r^2) [ (x − a_1)^2

σ^2_1 − 2r (x − a_1) (y − a_2) σ_1σ_2 + (y − a_2)^2 σ^2 ]} . Łőààěńïæĺőŋŋăï ňăâàĺæă K = {Kij} n-ňěàŋőčő ćěłâőàă^⃗ξ őŕàěďěńïěâáï áńěďãîéĺň őąàăğőň:_K ij = M (ξ_i − Mξ_i) (ξ_j − Mξ_j) , i, j = 1 ÷ n. Ğăňěâĺň, çâő ďĺăčőŋăńìŋëě íńěňěŋâë ňăâàĺæë áőćŕăďăîâ á ďĺáŕěàáĺïňĺ áńãçăľŋëå ćěńĺçĺŋ ξ1, ξ2, . . . , ξn: Kii = Dξi ĺ ŕőíâőňã ŋěőâàĺæăâěńìŋë. Łőíääĺæĺěŋâőň łőààěńïæĺĺ áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η ŋăğëćăěâáï çĺáńő r_{ξη} ≡ K_{ξη} σ_ξσ_η = M (ξ − Mξ) (η − Mη) √ DξDη . Ěáńĺ rξη = 0, âő áńãçăľŋëě ćěńĺçĺŋë ξ ĺ η ŋăğëćăîâáï ŋěłőààěńĺàőćăŋŋëňĺ.

1. Śńãçăľŋëľ ćěłâőà (ξ, η) àăáŕàěďěńěŋ ŕő ğăłőŋã f_{ξη} (x, y) = a 1 + x^2 + y^2 + x^2y^2 .

(a) Ŋăľâĺ łőíääĺæĺěŋâ a.

(b) §ćńïîâáï ńĺ áńãçăľŋëě ćěńĺçĺŋë ξ ĺ η ğăćĺáĺňëňĺ ? (c) Ŋăľâĺ ćěàőïâŋőáâì ŕőŕăďăŋĺï áńãçăľŋőľ âőçłĺ (ξ, η) ć łćăďàăâ á ãàăćŋěŋĺïňĺ áâőàőŋ: x = 1, x = −1, y = 1, y = −1.

2. Ğăďăŋă ďćãňěàŋăï ŕńőâŋőáâì ćěàőïâŋőáâĺ f_{ξη} (x, y) = c (x^2 + y^2 + 1)^3

áńãçăľŋőčő ćěłâőàă (ξ, η). Ŋăľâĺ ŕőáâőïŋŋãî c.

3. Śńãçăľŋëľ ćěłâőà (ξ, η) àăáŕàěďěńěŋ àăćŋőňěàŋő ć łàãčě àăďĺãáă R á æěŋâàőň ć ŋăçăńě łőőàďĺŋăâ. Ďőłăğăâì, çâő ξ ĺ η ğăćĺáĺňë, ŋő ŋěłőààěńĺàőćăŋë.

4. Śńãçăľŋëľ ćěłâőà (ξ1, ξ2, ξ3) àăáŕàěďěńěŋ àăćŋőňěàŋő ćŋãâàĺ èăàă àăďĺãáă R.

Ŋăľâĺ ćěàőïâŋőáâì ŕőŕăďăŋĺï áńãçăľŋőľ âőçłĺ (ξ1, ξ2, ξ3) ćŋãâàì èăàă, łőŋæěŋâàĺçěáłőčő ďăŋŋőňã, á àăďĺãáőň R/2.

5. İńěłâàőŋŋëľ ńãç ć łĺŋěáłőŕě ŕőďćěàčăěâáï ćőğďěľáâćĺî áńãçăľŋőčő áłăçłőőąàăğŋőčő ŋăŕàïęěŋĺï âăłĺň őąàăğőň, çâő ŕïâŋő ŋă íłàăŋě ğă ěďĺŋĺæã ćàěňěŋĺ ŕěàěňěéăěâáï ŋă ěďĺŋĺçŋőě àăááâőïŋĺě ŕăàăńńěńìŋő őďŋőľ ĺğ őáěľ łőőàďĺŋăâ, łăęďëľ àăğ ńĺąő ŕàőďőńęăï ŕàěęŋěě ŋăŕàăćńěŋĺě ďćĺęěŋĺï, ńĺąő ňěŋïï ěčő ŋă

±90^0 á ćěàőïâŋőáâïňĺ 1/3. Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě àăďĺãá-ćěłâőàă

ŕïâŋă^⃗ξ (n) ć ňőňěŋâ n ŕàĺ ãáńőćĺĺ, çâő^⃗ξ (0) = (0, 0) ,^⃗ξ (1) = (1, 0). 6. Ďőłăğăâì, çâő ěáńĺ ξ ĺ η áćïğăŋë ńĺŋěľŋőľ ğăćĺáĺňőáâìî η = aξ + b, âő r_{ξη} = { 1, a > 0 −1, a < 0 | | | |. 7. Ďćãňěàŋëľ ďĺáłàěâŋëľ áńãçăľŋëľ ćěłâőà (â.ě. ćěłâőà, łőňŕőŋěŋâăňĺ łőâőàőčő áńãęăâ ďĺáłàěâŋëě áńãçăľŋëě ćěńĺçĺŋë) ãďőąŋő ğăďăćăâì âăąńĺæěľ ćěàőïâŋőáâěľ ěčő ćőğňőęŋëå ğŋăçěŋĺľ. Ďăŋă âăąńĺæă ćěàőïâŋőáâěľ ďńï áőćőłãŕŋőáâĺ ďćãå ďĺáłàěâŋëå áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η: ξ\η −1 0 0 1/4 5/12 1 1/6 1/6

Ŋăľâĺ łőíääĺæĺěŋâ łőààěńïæĺĺ rξη.

8. Ŕàěďŕőńőęĺň, çâő áőćňěáâŋőě àăáŕàěďěńěŋĺě n áńãçăľŋëå ćěńĺçĺŋ âăłőčő, çâő łőíääĺæĺěŋâ łőààěńïæĺĺ ňěęďã ńîąëňĺ ďćãňï ĺğ ŋĺå àăćěŋ ρ. Ďőłăğăâì, çâő ρ ≥ 1 1 − n .

9. Ďăŋë ďćě ŋěğăćĺáĺňëě áńãçăľŋëě ćěńĺçĺŋë ξ ĺ η. Ćěńĺçĺŋă ξ àăáŕàěďěńěŋă ŕő ŋőàňăńìŋőňã ğăłőŋã á ŕăàăňěâàăňĺ (0, 1), ă ćěńĺçĺŋă η - àăćŋőňěàŋő ŋă ĺŋâěàćăńě (0, 1). Ğăŕĺáăâì ŕńőâŋőáâì àăáŕàěďěńěŋĺï ĺ äãŋłæĺî àăáŕàěďěńěŋĺï áńãçăľŋőčő ćěłâőàă (ξ, η).

10. Ğăďăŋă ŕńőâŋőáâì àăáŕàěďěńěŋĺï áńãçăľŋőčő ćěłâőàă (ξ, η) f_{ξη} (x, y) = { sin (x + y) /2, (x, y) ∈ D 0, (x, y) /∈ D | | | |, čďě D = {(x, y) : x ∈ [0, π/2] , y ∈ [0, π/2]}. Ŋăľâĺ ňăâěňăâĺçěáłĺě őęĺďăŋĺï ĺ ďĺáŕěàáĺĺ áőáâăćńïîéĺå ξ,η.

11. Śńãçăľŋëľ ćěłâőà (ξ, η) ĺňěěâ ŕńőâŋőáâì àăáŕàěďěńěŋĺï fξη (x, y). Ćëàăğĺâì çěàěğ ŕńőâŋőáâì fξη (x, y) ćěàőïâŋőáâĺ áőąëâĺľ: ă) ξ > η, ą) ξ > |η|, ć) |ξ| > η, č) ξ − η > 1 ĺ ŕőáâàőĺâì íâĺ őąńăáâĺ ŋă čàăäĺłě.

12. Śńãçăľŋëľ ćěłâőà (ξ, η) ĺňěěâ ŕńőâŋőáâì àăáŕàěďěńěŋĺï f_{ξη} (x, y) = 1 π exp { − x^2 + y^2 2 } . Őŕàěďěńĺâì ćěàőïâŋőáâĺ áńěďãîéĺå áőąëâĺľ: ă) |η| < ξ, ą) η < ξ, ć) η < |ξ|.

13. Śńãçăľŋăï ćěńĺçĺŋă ξ ĺňěěâ ŕńőâŋőáâì ćěàőïâŋőáâĺ fξ (x), ă áńãçăľŋăï ćěńĺçĺŋă η áćïğăŋă á ŋěľ äãŋłæĺőŋăńìŋőľ ğăćĺáĺňőáâìî η = ξ^2. Ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï Fξη (x, y) áőćőłãŕŋőáâĺ áńãçăľŋëå ćěńĺçĺŋ (ξ, η).

14. Ĺğ ŕőńŋőľ łőńőďë łăàâ (52 łăàâë) őďŋőćàěňěŋŋő ĺğćńěłăîâ ďćě. Řăááňăâàĺćăîâáï ďćě áńãçăľŋëě ćěńĺçĺŋë: ξ - çĺáńő ćëŋãâëå âãğőć, η - çĺáńő ćëŋãâëå łăàâ łàăáŋőľ ňăáâĺ. Ğăćĺáĺňë ńĺ áńãçăľŋëě ćěńĺçĺŋë ξ ĺ η?

15. Ďăŋă âăąńĺæă ćěàőïâŋőáâěľ áőćőłãŕŋőáâĺ ďćãå ďĺáłàěâŋëå ŋěğăćĺáĺňëå áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η:_{ξ\η 0 1} 0 α β 1 γ δ Łăłőćő łőńĺçěáâćő ŋěğăćĺáĺňëå íńěňěŋâőć ć ďăŋŋőľ âăąńĺæě ?

16. Ŕãáâì łăęďăï ĺğ áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η ŕàĺŋĺňăěâ àőćŋő ďćă ğŋăçěŋĺï. Ďőłăğăâì, çâő ĺğ àăćěŋáâćă M (ξη) = Mξ · Mη áńěďãěâ ŋěğăćĺáĺňőáâì ξ ĺ η.

17. Ďőłăğăâì, çâő łőňŕőŋěŋâë ďćãňěàŋőčő ŋőàňăńìŋőčő ćěłâőàă (ξ, η) ïćńïîâáï ŋőàňăńìŋő àăáŕàěďěńěŋŋëňĺ áńãçăľŋëňĺ ćěńĺçĺŋăňĺ.

18. Ďőłăğăâì, çâő ŋěőąåőďĺňëň ĺ ďőáâăâőçŋëň ãáńőćĺěň ŋěğăćĺáĺňőáâĺ áńãçăľŋëå ćěńĺçĺŋ ξ, η, ĺňěîéĺå áőćňěáâŋőě ŋőàňăńìŋőě àăáŕàěďěńěŋĺě, ïćńïěâáï ĺå ŋěłőààěńĺàőćăŋŋőáâì.

ŐŠĆĚŠŻ

Ğăŋïâĺě 6

1. ă) 1/π^2, ą) ŋěâ, ć) 1/4.

2. 2/π.

4. 1/8.

5. M ⃗ξ (n) = (3/2) · (1 − 1/3^n) · ⃗ξ (1). 7. −1/ √ 70. 10. Mξ = Mη = π/4; Dξ = Dη = (π^2 + 8π − 32) /16.

12. ă) 1/4, ą) 1/2, ć) 3/4.

13. F_{ξη} (x, y) = 0, (y < 0) ∨ ( y > 0, x < − √ y ) x∫ −√y f_ξ (u) du, x^2 < y √y ∫ −√y f_ξ (u) du, x > √ y, y > 0

| | | | | | | | | | 14. Ďă. 15. Ďćă.

Ğăŋïâĺě 7

ŘĂŚŔŘĚĎĚŃĚŊĹĚ ŤŞŊŁŰĹĽ ŐŠ ŚŃŞŮĂĽŊŻŢ ĆĚŃĹŮĹŊ

Ŕãáâì^⃗ξ - n-ňěàŋëľ áńãçăľŋëľ ćěłâőà á ĺğćěáâŋőľ äãŋłæĺěľ àăáŕàěďěńěŋĺï F⃗_ξ (⃗x),

⃗φ : ℜ^n → ℜ^m - ğăďăŋŋăï ćěłâőà-äãŋłæĺï. Ťãŋłæĺï àăáŕàěďěńěŋĺï áńãçăľŋőčő ćěłâőàă ⃗η = ⃗φ ( ⃗ξ ) ňőęěâ ąëâì ŋăľďěŋă áńěďãîéĺň őąàăğőň: F_{⃗η} (⃗y) = F_{η1...ηm} (y_1, . . . , y_m) = P { φ_1 ( ⃗ξ ) < y_1, . . . , φ_m ( ⃗ξ ) < y_m } =

= ∫ D(⃗y) dF_{⃗ξ} (⃗x) = ∑ ⃗c_k∈D(⃗y) P { ⃗ξ = ⃗c_k } − ďńï ďĺáłàěâŋőčő ćěłâőàă ∫ D(⃗y) f_{⃗ξ} (⃗x) d⃗x - ďńï ŋěŕàěàëćŋőčő ćěłâőàă | | | | | | čďě D (⃗y) = {⃗x ∈ ℜ^n : φ1 (⃗x) < y1, . . . , φm (⃗x) < ym}. Ěáńĺ n = m, äãŋłæĺï ⃗φ (⃗x) őąàăâĺňă, ïłőąĺăŋ őąàăâŋőľ äãŋłæĺĺ D^{( ⃗}ψ^) /D (⃗y) ≠ 0 ŋă ňŋőęěáâćě ŕőńŋőľ ňěàë Ńěąěčă, âő ć áńãçăě ŋěŕàěàëćŋőčő ćěłâőàă^⃗ξ á ŕńőâŋőáâìî

f_{⃗ξ} (⃗x) ŕńőâŋőáâì ćěàőïâŋőáâĺ ćěłâőàă ⃗η ĺňěěâ ćĺď f_{⃗η} (⃗y) = f_{⃗ξ} ( ⃗ψ (⃗y) ) | | | | | D ( ⃗ψ ) D (⃗y) | | | | | . Ć őďŋőňěàŋőň áńãçăě áŕàăćěďńĺćă âăłęě áńěďãîéăï äőàňãńă

f_η (y) = ∑ i f_ξ (ψ_i (y)) | | | | | dψ_i dy | | | | | · 1_{Di} (y) , čďě Di - ňŋőęěáâćő őŕàěďěńěŋĺï i-âőľ ćěâćĺ őąàăâŋőľ äãŋłæĺĺ.

1. Ŕãáâì ξ - ďĺáłàěâŋăï áńãçăľŋăï ćěńĺçĺŋă á ĺğćěáâŋëň àïďőň àăáŕàěďěńěŋĺï

c_i | p_i. Ŋăľâĺ àïď àăáŕàěďěńěŋĺï áńãçăľŋëå ćěńĺçĺŋ: ă) ξ + 1, ą) 2ξ, ć) ξ^2.

2. Śãňňã ďćãå ŋěğăćĺáĺňëå àăćŋőňěàŋő àăáŕàěďěńěŋŋëå ŋă ňŋőęěáâćě {0, 1, . . . , 9} áńãçăľŋëå ćěńĺçĺŋ ξ1 ĺ ξ2 ňőęŋő ğăŕĺáăâì ć ćĺďě ξ1 +ξ2 = 10η2 +η1 (0 ≤ ηi ≤ 9). Ŋăľâĺ ğăłőŋë àăáŕàěďěńěŋĺï η1 ĺ η2. Ğăćĺáĺňë ńĺ áńãçăľŋëě ćěńĺçĺŋë η1 ĺ

η_2 ?

3. Ŕãáâì ξ - áńãçăľŋăï ćěńĺçĺŋă á ŋěŕàěàëćŋőľ äãŋłæĺěľ àăáŕàěďěńěŋĺï Fξ (x).

Ŋăľďĺâě ğăłőŋ àăáŕàěďěńěŋĺï áńãçăľŋőľ ćěńĺçĺŋë η = Fξ (ξ). Şłăęĺâě áŕőáőą ŕőńãçěŋĺï áńãçăľŋőľ ćěńĺçĺŋë á ğăďăŋŋëň ğăłőŋőň àăáŕàěďěńěŋĺï F0 (x), ěáńĺ ć Ćăèěň àăáŕőàïęěŋĺĺ ĺňěěâáï áńãçăľŋăï ćěńĺçĺŋă ξ, àăćŋőňěàŋő àăáŕàěďěńěŋŋăï ŋă őâàěğłě [0, 1].

4. Ŕãáâì ξ - áńãçăľŋăï ćěńĺçĺŋă á ĺğćěáâŋőľ äãŋłæĺěľ àăáŕàěďěńěŋĺï Fξ (x). Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï áńãçăľŋőľ ćěńĺçĺŋë η ďńï: ă) η = αξ + β, α ≠ 0, β ∈ ℜ^1; ą) η = ξ^k, k ∈ N; ć) η = |ξ|; č) η = ξ · 1 (ξ). Ŕàĺ łăłĺå ãáńőćĺïå áãéěáâćãěâ ŕńőâŋőáâì ćěàőïâŋőáâĺ fη (y) ? Ŋăľâĺ fη (y). Řăááňőâàěâì ŕàĺňěàë:

(a) f_ξ (x) = 1 √ 2πσ exp { − (x − a)^2 2σ^2 } ; (b) f_ξ (x) = 1{_{|x|≤} 1_2 } (x) ; (c) f_ξ (x) = e^{−x} · 1 (x) .

5. Ŕãáâì ćěłâőà (ξ, η) ĺňěěâ ŕńőâŋőáâì àăáŕàěďěńěŋĺï fξη (x, y). Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï áńãçăľŋőľ ćěńĺçĺŋë ζ ďńï: ă) ζ = ξ ± η; ą) ζ = ξ · η; ć) ζ = ξ/η. Řăááňőâàěâì áńěďãîéĺě ŕàĺňěàë ŋěğăćĺáĺňëå áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η: (a) f_ξ (x) = 1 √ 2π e^{−x2/2}, f_η (y) = ye^{−y2/2} · 1 (y) ; (b) f_ξ (x) = 1 π √ 1 − x^2 1_{{|x|≤1}} (x) , f_η (y) = ye^{−y2/2} · 1 (y) ; (c) f_ξ (x) = x a^2 e^{−x2/2a2} · 1 (x) , f_η (y) = y a^2 e^{−y2/2a2} · 1 (y) ; (d) f_ξ (x) = √ n 2π e^{−nx2/2}, f_η (y) = 2 ( n 2 )n/2 y^{n−1} e^{−ny2/2} Γ (n/2)

· 1 (y) ; (e) ξ, η - ŋőàňăńìŋő àăáŕàěďěńěŋë á ŕăàăňěâàăňĺ (0, σ^2_1) , (0, σ^2) áőőâćěâáâćěŋŋő.

6. Łőőàďĺŋăâă ξ âőçěçŋőčő ěďĺŋĺçŋőčő ğăàïďă, àăáŕőńőęěŋŋőčő ŋă őáĺ OX, àăáŕàěďěńěŋă á ŕńőâŋőáâìî fξ (x). Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï ŕőâěŋæĺăńă, áőğďăćăěňőčő ğăàïďőň ć âőçłě (0, 1) ŋă ŕńőáłőáâĺ XOY . Řăááňőâàěâì ŕàĺňěàë ă)-c) ĺğ ğăďăçĺ 7.4.

7. Ć æěŋâàě őáŋőćăŋĺï łàãčőćőčő æĺńĺŋďàă àăďĺãáă r ŋăåőďĺâáï ĺáâőçŋĺł ĺğńãçěŋĺï. Ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï áńãçăľŋőľ ćěńĺçĺŋë ξ - ćëáőâë ŕőŕăďăŋĺï äőâőŋă ć áâěŋłã æĺńĺŋďàă.

8. Śćőąőďŋëľ çńěŋ ξ łćăďàăâŋőčő ãàăćŋěŋĺï x^2 − 2x + ξ = 0 àăćŋőňěàŋő àăáŕàěďěńěŋ ŋă őâàěğłě [−1, 1]. Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï ňěŋìèěčő łőàŋï η ãàăćŋěŋĺï.

9. Śńãçăľŋăï ćěńĺçĺŋă ξ àăáŕàěďěńěŋă ŕő ŕőłăğăâěńìŋőňã ğăłőŋã: f_ξ (x) = λe^{−λx} · 1 (x) . Łăłĺň äãŋłæĺőŋăńìŋëň ŕàěőąàăğőćăŋĺěň ňőęŋő ŕàěćàăâĺâì ěě ć áńãçăľŋãî ćěńĺçĺŋã η, àăáŕàěďěńěŋŋãî ŕő ğăłőŋã Łőèĺ:

f_η (y) = 1 π (1 + y^2) ? 10. Ĺáâőçŋĺł ĺğńãçěŋĺï ŋăåőďĺâáï ŋăď ŕőćěàåŋőáâìî ŕàőğàăçŋőčő ćěéěáâćă á ŕőłăğăâěńěň ŕàěńőňńěŋĺï n > 1. Ŋăľâĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ ĺ äãŋłæĺî àăáŕàěďěńěŋĺï áńãçăľŋőľ ćěńĺçĺŋë β - ãčńă ŕàěńőňńěŋĺï ńãçă ć ŕàőğàăçŋőľ áàěďě, ěáńĺ ćáě ŋăŕàăćńěŋĺï ńãçěľ őâ ĺáâőçŋĺłă ć ćőğďãåě àăćŋőćěàőïâŋë.

11. Ĺňěěâáï áőćőłãŕŋőáâì ďćãå áńãçăľŋëå ćěńĺçĺŋ (ξ, η) á ğăďăŋŋőľ ŕńőâŋőáâìî ćěàőïâŋőáâĺ fξη (x, y). Ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï ĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ áńãçăľŋőľ ćěńĺçĺŋë ζ = max {ξ, η}. Řăááňőâàěâì áńãçăľ ŋěğăćĺáĺňëå ĺ őďĺŋăłőćő àăáŕàěďěńěŋŋëå ŕő ğăłőŋã Łőèĺ áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η:

f_ξ (x) = f_η (x) = 1 π (1 + x^2) . 12. Śńãçăľŋëľ ćěłâőà (ξ, η) ĺňěěâ ŋőàňăńìŋőě àăáŕàěďěńěŋĺě á ŕăàăňěâàăňĺ

(0, 0, σ^2_1, σ^2, 0). Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï ŕőńïàŋëå łőőàďĺŋăâ (ρ, φ) ćěłâőàă (ξ, η). 13. Ŋěğăćĺáĺňëě áńãçăľŋëě ćěńĺçĺŋë ξ ĺ η ĺňěîâ ŕńőâŋőáâĺ ćěàőïâŋőáâĺ fξ (x) ĺ fη (y). Ŋăľâĺ ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî ňőďãńï ĺå àăğŋőáâĺ ζ = |ξ − η|. 14. Śőćőłãŕŋőáâì ďćãå áńãçăľŋëå ćěńĺçĺŋ ξ ĺ η őŕĺáëćăěâáï ŕńőâŋőáâìî ćěàőïâŋőáâĺ fξη (x, y). Ŋăľâĺ äãŋłæĺî àăáŕàěďěńěŋĺï ĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ áńãçăľŋőľ ćěńĺçĺŋë ζ = min {ξ, η}. Řăááňőâàěâì áńãçăľ ŋěğăćĺáĺňëå ξ ĺ η ĺğ ďăâçĺłă áńãçăľŋëå çĺáěń RND.

15. Śńãçăľŋăï âőçłă (ξ, η) àăáŕàěďěńěŋă àăćŋőňěàŋő ć ěďĺŋĺçŋőň łàãčě. Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï áńãçăľŋőľ ćěńĺçĺŋë ζ = η/ξ.

16. Łőňŕőŋěŋâë áłőàőáâĺ ⃗v = (vx, vy, vz) çăáâĺæë, ĺňěîéěľ ěďĺŋĺçŋãî ňăááã, ŋěğăćĺáĺňë ďàãč őâ ďàãčă ĺ àăáŕàěďěńěŋë ŋőàňăńìŋő á ŕăàăňěâàăňĺ (0, a^2). Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï łĺŋěâĺçěáłőľ íŋěàčĺĺ çăáâĺæë W ĺ ćěńĺçĺŋë áłőàőáâĺ |⃗v|. 17. Śńãçăľŋăï âőçłă A àăćŋőňěàŋő àăáŕàěďěńěŋă ŋă ěďĺŋĺçŋőľ áäěàě á æěŋâàőň ć ŋăçăńě łőőàďĺŋăâ. Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï ŕàőěłæĺľ âőçłĺ A ŋă íłćăâőàĺăńìŋãî ŕńőáłőáâì ĺ ŕőńïàŋãî őáì áäěàë.

18. Ŋăľâĺ ğăłőŋ àăáŕàěďěńěŋĺï àěèěŋĺï ⃗η ńĺŋěľŋőľ áĺáâěňë A⃗η =^⃗ξ (det A ≠ 0), čďě ćěłâőà^⃗ξ àăáŕàěďěńěŋ á ŕńőâŋőáâìî f⃗_ξ (⃗x).

19. Ŋěőâàĺæăâěńìŋëě áńãçăľŋëě ćěńĺçĺŋë ξ1, ξ2, . . . , ξn ŋěğăćĺáĺňë ĺ ĺňěîâ őďĺŋăłőćëě ŕńőâŋőáâĺ ćěàőïâŋőáâĺ fξ_i (x) = e^{−x} · 1 (x). Ŋăľâĺ ŕńőâŋőáâĺ ćěàőïâŋőáâĺ áńãçăľŋëå ćěńĺçĺŋ: ă) η1 = ξ1 + ξ2 + . . . + ξn, ą) η2 = min {ξ1, ξ2, . . . , ξn}, ć) η3 = max {ξ1, ξ2, . . . , ξn}.

ŐŠĆĚŠŻ

Ğăŋïâĺě 7

1. a) c_i + 1| p_i ; ą) 2c_i | p_i ; ć) c^2_i | p^∗_i , p^∗_i = ∑ j p_j · 1{_c2_i } ( c^2_j ) . 2. P {η_1 = k} = 0.1, k = 0, 1, 2, ...9; P {η_2 = 0} = 0.55; P {η_2 = 1} = 0.45. Ďă.

4. a) F_η (y) = F_ξ ((y − β) /α) , α > 0, F_η (y) = 1 − F_ξ ((y − β) /α + 0) , α < 0; ą) F_η (y) = F_ξ ( k√ y ) , k = 2n + 1, F_η (y) = ( F_ξ ( k√ y ) − F_ξ ( −^k √ y + 0 )) · 1 (y) , k = 2n; ć) F_η (y) = (F_ξ (y) − F_ξ (−y + 0)) · 1 (y); č) F_η (y) = F_ξ (y) · 1 (y).

5. a) f_ζ (z) =^{+∞} ∫ −∞ f_{ξη} (z ∓ t, t) dt; ą) f_ζ (z) =^{+∞} ∫ −∞ f_{ξη} (z/t, t) dt/ |t|; ć) fζ (z) =^{+∞∫}_{−∞} fξη (zt, t) |t| dt. 6. f_η (y) = f_ξ (√ 1 − y^2/y ) / ( y^2 √ 1 − y^2 ) · 1_{[0,1]} (y).

7. F_ξ (x) = x/ √ x^2 + r^2 · 1 (x).

8. f_η (y) = (1 − y) · 1[_{1−}^√_{2,1}] (y). 9. η = cot ( πe^{−λξ} ) . 10. f_β (y) = n^2 sin 2y/ ( 2 √ 1 − n^2 sin^2 y ) · 1_{{0≤y<arcsin 1/n}} (y).

11. f_ζ (z) =^z ∫ −∞ f_{ξη} (z, y) dy +^z ∫ −∞ f_{ξη} (x, z) dx. 12. f_{ρφ} (r, ϕ) = r exp {−r^2/σ^2} /2πσ^2, r ≥ 0, 0 ≤ ϕ ≤ 2π. 13. Mζ = 2M [ξF_η (ξ)] + 2M [ηF_ξ (η)] − Mξ − Mη. 14. f_ζ (z) = −^∞ ∫ z f_{ξη} (z, y) dy −^∞ ∫ z f_{ξη} (x, z) dx. 15. f_ζ (z) = 1/ [π (1 + z^2)]. 16. f_W (y) = ( 2 √ y/π/a^3 ) exp {−y/a^2} · 1 (y); f_{|v|} (z) = (√ 2/πz^3/a^3 ) exp {−z^2/2a^2} · 1 (z).

17. f_ξ (ρ) = ( ρ/ √ 1 − ρ^2 ) · 1_{[0,1]} (ρ); f_h (z) = 1_{[−1,1]} (z) /2.

18. f_{⃗η} (⃗y) = f_{⃗ξ} (A⃗y) · |det A|.

19. ă)[y^ne^{−y}/ (n − 1)!] · 1 (y); ą) ne^{−ny} · 1 (y); ć) ne^{−y} (1 − e^{−y}) · 1 (y).

Ğăŋïâĺě 8

ĂŔŔĂŘĂŠ ŢĂŘĂŁŠĚŘĹŚŠĹŮĚŚŁĹŢ ŤŞŊŁŰĹĽ.

ŁŐŇŔŐĞĹŰĹ§ ĞĂŁŐŊŐĆ ŘĂŚŔŘĚĎĚŃĚŊĹ§

Ţăàăłâěàĺáâĺçěáłőľ äãŋłæĺěľ θξ (u) áńãçăľŋőľ ćěńĺçĺŋë ξ ŋăğëćăěâáï ňăâěňăâĺçěáłőě őęĺďăŋĺě äãŋłæĺĺ exp (iuξ), čďě u− ćěéěáâćěŋŋëľ ăàčãňěŋâ:

θ_ξ (u) = M { e^{iuξ} } = +∞∫ −∞ e^{iux}dF_ξ (x) . Ěáńĺ å.ä. ăŋăńĺâĺçěáłăï, âő ŋăçăńìŋëě ňőňěŋâë á.ć. ξ ŋăåőďïâáï ŕő äőàňãńě

m_k = 1 i^k d^kθ_ξ (u) du^k |_{u=0} .

Ţ.ä. őďŋőğŋăçŋő őŕàěďěńïěâ äãŋłæĺî àăáŕàěďěńěŋĺï. Ć çăáâŋőáâĺ, ďńï ŋěŕàěàëćŋőľ á.ć. äőàňãńă áćïğĺ ŕńőâŋőáâĺ ćěàőïâŋőáâĺ fξ (x) ĺ å.ä. ĺňěěâ ćĺď:

f_ξ (x) = 1 2π +∞∫ −∞ e^{−ixu}θ_ξ (u) du. Ţăàăłâěàĺáâĺçěáłőľ äãŋłæĺěľ áĺáâěňë á.ć. (ξ1, ...ξn) ŋăğëćăěâáï ňăâěňăâĺçěáłőě őęĺďăŋĺě äãŋłæĺĺ exp^{i^{n∑}_{k=1} ukξk^} , čďě u1, ...un ćěéěáâćěŋŋë: θ_{ξ1...ξn} (u_1, ...u_n) = +∞∫ −∞ ... +∞∫ −∞ exp { i n∑ k=1 u_kx_k } dF_{ξ1...ξn} (x_1, ...x_n) . Ţ.ä. áĺáâěňë ŋěğăćĺáĺňëå á.ć. (ξ1, ...ξn) àăćŋă ŕàőĺğćěďěŋĺî å.ä. ćěńĺçĺŋ, ćåőďïéĺå ć áĺáâěňã: θ_{ξ1...ξn} (u_1, ...u_n) = n∏ i=1 θ_{ξi} (u_i) . Łőňŕőğĺæĺěľ ğăłőŋőć àăáŕàěďěńěŋĺï ŋăğëćăěâáï őâëáłăŋĺě ğăłőŋă àăáŕàěďěńěŋĺï áãňňë ŋěğăćĺáĺňëå á.ć. ŕő ĺğćěáâŋëň ğăłőŋăň àăáŕàěďěńěŋĺï áńăčăěňëå.

Ďńï ďĺáłàěâŋëå ŋěğăćĺáĺňëå á.ć. ξ ĺ η àïď àăáŕàěďěńěŋĺï á.ć. ζ = ξ + η ďăěâáï äőàňãńőľ_{P {ζ = z} = ∑} j P {ξ = x_j} P {η = z − x_j} . Ďńï ŋěŕàěàëćŋëå ŋěğăćĺáĺňëå á.ć. ξ ĺ η ŕńőâŋőáâì ćěàőïâŋőáâĺ á.ć. ζ = ξ + η

f_ζ (x) = +∞∫ −∞ f_η (y) f_ξ (z − y) dy = +∞∫ −∞ f_ξ (x) f_η (z − x) dx.

1. Ŋăľâĺ å.ä. áńãçăľŋőľ ćěńĺçĺŋë ξ , ğăďăćăěňőľ àïďőň àăáŕàěďěńěŋĺï P {ξ = 1} = P {ξ = −1} = 1/2. 2. Ś.ć. ξ ğăďăěâáï áńěďãîéĺň àïďőň àăáŕàěďěńěŋĺï P {ξ = 1} = P {ξ = −1} = 1/4, P {ξ = 0} = 1/2. Őŕàěďěńĺâì å.ä. ĺ ŋăçăńìŋëě ňőňěŋâë á.ć. ξ.

3. Ś.ć. ξ ĺňěěâ ŋőàňăńìŋőě àăáŕàěďěńěŋĺě á ŕăàăňěâàăňĺ (a, σ^2) . Ŋăľâĺ ěě å.ä. 4. Ďőłăęĺâě, çâő äãŋłæĺï θ (u) = cos u^2 ŋě ňőęěâ ąëâì åăàăłâěàĺáâĺçěáłőľ. 5. Ŕãáâì ξ - æěńőçĺáńěŋŋăï á.ć. ĺ θξ (u) - ěě å.ä. Ŕőłăğăâì, çâő P {ξ = k} = 1 2π +π∫ −π e^{−iku}θ_ξ (u) du, k = 0, ±1, ±2, ... 6. Ŕãáâì θ (u) - å.ä. ŋěłőâőàőľ á.ć. Ňőčãâ ńĺ Re {θ (u)} ĺ Im {θ (u)} ąëâì åăàăłâěàĺáâĺçěáłĺňĺ äãŋłæĺïňĺ ?

7. Ďĺáłàěâŋăï á.ć. ξ ŕőďçĺŋïěâáï ğăłőŋã Ŕãăááőŋă: P {ξ = k} = a^k k! e^{−a}, a > 0, k = 0, 1, 2, ... Ŋăľâĺ ěě å.ä., ă âăłęě ňăâěňăâĺçěáłőě őęĺďăŋĺě ĺ ďĺáŕěàáĺî.

8. Śńãçăľŋăï ćěńĺçĺŋă ξ ĺňěěâ å.ä.

θ_ξ (u) = 1 1 + u^2 . Ŋăľâĺ ŋăçăńìŋëě ňőňěŋâë ĺ ŕńőâŋőáâì ćěàőïâŋőáâĺ á.ć. ξ.

9. Łăłőľ áńãçăľŋőľ ćěńĺçĺŋě ξ áőőâćěâáâćãěâ åăàăłâěàĺáâĺçěáłăï äãŋłæĺï

θ_ξ (u) = 1 2 − e^{iu} ? 10. Ŋăľâĺ å.ä. áĺáâěňë ďćãå á.ć. ξ1 ĺ ξ2, ŕőďçĺŋěŋŋëå ŋőàňăńìŋőňã ğăłőŋã àăáŕàěďěńěŋĺï á ŕăàăňěâàăňĺ (a1, a2, σ^2_1, σ^2, r).

11. Ŕãáâì (ξ1, ξ2, ...ξn) - áĺáâěňă ğăćĺáĺňëå ŋőàňăńìŋëå áńãçăľŋëå ćěńĺçĺŋ. Ďőłăğăâì, çâő á.ć. η =^{n∑}_{i=1} aiξi + b (a1, a2, ...an, b = const) âăłęě ŋőàňăńìŋő àăáŕàěďěńěŋă.

12. Śňěèăŋë ďćě čàãŕŕë ďěâăńěľ, áőďěàęăéĺě n1 ĺ n2 ďěâăńěľ łăęďăï. Ůĺáńő ąàăłőćăŋŋëå ďěâăńěľ ć łăęďőľ čàãŕŕě (ξ ĺ η áőőâćěâáâćěŋŋő) ĺňěěâ ąĺŋőňĺăńìŋőě àăáŕàěďěńěŋĺě: P {ξ = k} = C^k_{n1} p^kq^{n1−k}, k = 0, 1, ...n_1, P {η = k} = C^k_{n2} p^kq^{n2−k}, k = 0, 1, ...n_2. Ŋăľâĺ àïď àăáŕàěďěńěŋĺï á.ć. ζ = ξ + η.

13. Őŕàěďěńĺâì ŕńőâŋőáâì ćěàőïâŋőáâĺ áãňňë ďćãå ŋěğăćĺáĺňëå á.ć., łăęďăï ĺğ łőâőàëå àăćŋőňěàŋő àăáŕàěďěńěŋă ć ĺŋâěàćăńě (a, b) .

14. Śńãçăľŋëě ćěńĺçĺŋë ξ ĺ η ŋěğăćĺáĺňë ĺ ĺňěîâ àăáŕàěďěńěŋĺě Ŕãăááőŋă: P {ξ = k} = λ^k k! e^{−λ}, P {η = k} = λ^k k! e^{−λ} (λ > 0) . Ŋăľâĺ àïď àăáŕàěďěńěŋĺï á.ć. ζ = ξ + η.

15. Ŕãáâì á.ć. ξ1, ξ2, ...ξn ŋěğăćĺáĺňë ĺ ĺňěîâ àăáŕàěďěńěŋĺě Łőèĺ:

f_{ξi} (x) = 1 π a a^2 + x^2 (a > 0) , i = 1, 2, ...n. Łăł àăáŕàěďěńěŋă á.ć. η =^{n∑}_{i=1} ξi/n ?

16. Ďőłăęĺâě, çâő äãŋłæĺï θ (u) =^√1 − u^2 · 1{|u|≤1} (u) ŋě ňőęěâ ąëâì åăàăłâěàĺáâĺçěáłőľ.

Şłăğăŋĺě. Řăááňőâàěâì áãňňã ďćãå ŋěğăćĺáĺňëå őďĺŋăłőćő àăáŕàěďěńěŋŋëå áńãçăľŋëå ćěńĺçĺŋ ξ, η á ŕàěďŕőńăčăěňëňĺ å.ä. θ (u) .

ŐŠĆĚŠŻ

Ğăŋïâĺě 8

1. θ_ξ (u) = cos u.

2. θ_ξ (u) = cos^2 (u/2) ; m_{2k−1} = 0, m_{2k} = 1/2. 3. θ_ξ (u) = exp (iua − σ^2a^2/2). 6. Re {θ (u)} ňőęěâ; Im {θ (u)} ŋěâ. 7. θ_ξ (u) = exp {a (e^{iu} − 1)} , m_1 = a, Dξ = a. 8. m_{2k−1} = 0, m_{2k} = (2k)!; f_ξ (x) = e^{−|x|}/2.

9. Ďĺáłàěâŋőľ.

10. θ_{ξ1ξ2} (u_1, u_2) = exp {i (a_1u_1 + a_2u_2) − (σ^2_1 u^2_1 − 2σ_1σ_2r + σ^2u^2) /2}. 12. P {ζ = k} = C^k_{n1+n2} p^kq^{n1+n2−k}. 13. f_ξ (x) = 0, x ≤ 2a x−2a (b−a)2 , 2a ≤ x ≤ a + b 2b−x (b−a)2 , a + b ≤ x ≤ 2b 0, x ≥ 2b

| | | | | | | | 14. P {ς = k} = (2λ)^k e^{−2λ}/k!.

15. Ŕő âőňã ęě áăňőňã ğăłőŋã.

Ğăŋïâĺě 9

ŔŘĚĎĚŃĲŊŻĚ ŠĚŐŘĚŇŻ

Ŕőď ŕàěďěńìŋëňĺ âěőàěňăňĺ ć âěőàĺĺ ćěàőïâŋőáâěľ ŕőŋĺňăîâ æěńëľ łńăáá âěőàěň, ãłăğëćăîéĺå ãáńőćĺï ćőğŋĺłŋőćěŋĺï âěå ĺńĺ ĺŋëå ğăłőŋőňěàŋőáâěľ ć àěğãńìâăâě ďěľáâćĺï ąőńìèőčő çĺáńă áńãçăľŋëå äăłâőàőć.

Őŕàěďěńěŋĺě. Ŕãáâì {ξn} − ŕőáńěďőćăâěńìŋőáâì á.ć. á łőŋěçŋëňĺ ňăâěňăâĺçěáłĺňĺ őęĺďăŋĺïňĺ. Ąãďěň čőćőàĺâì, çâő ďńï ŋěě ćëŕőńŋěŋ ğăłőŋ ąőńìèĺå çĺáěń (ĞĄŮ), ěáńĺ ∀ε > 0 P | | | | | | | n∑ k=1 ξ_k n − n∑ k=1 Mξ_k n | | | | | | | > ε → 0 ŕàĺ n → ∞. Šěőàěňă Ňăàłőćă. Ďńï âőčő, çâőąë ŕőáńěďőćăâěńìŋőáâì á.ć. {ξn} ãďőćńěâćőàïńă ĞĄŮ, ďőáâăâőçŋő, çâőąë lim_{n→∞} n∑ i=1 n∑ j=1 K_{ξiξj} n^2

= 0.

Śńěďáâćĺě (âěőàěňă Ůěąëèěćă). Ŕőáńěďőćăâěńìŋőáâì ćğăĺňŋő ŋěłőààěńĺàőćăŋŋëå á.ć. á àăćŋőňěàŋő őčàăŋĺçěŋŋëňĺ ďĺáŕěàáĺïňĺ ãďőćńěâćőàïěâ ĞĄŮ.

Őŕàěďěńěŋĺě. Ŕőáńěďőćăâěńìŋőáâì á.ć. á łőŋěçŋëňĺ ďĺáŕěàáĺïňĺ ŕőďçĺŋïěâáï æěŋâàăńìŋőľ ŕàěďěńìŋőľ âěőàěňě (ŰŔŠ), ěáńĺ ∀x ∈ ℜ lim_{n→∞} P n∑ k=1 (ξ_k − Mξ_k) √ D ( n ∑ k=1 ξ_k ) < x = 1 √ 2π x∫ −∞ exp { − t^2 2 } dt. Šěőàěňă Ńĺŋďěąěàčă-Ńěćĺ. Ŕőáńěďőćăâěńìŋőáâì őďĺŋăłőćő àăáŕàěďěńěŋŋëå

ŋěğăćĺáĺňëå á.ć. á łőŋěçŋëňĺ ďĺáŕěàáĺïňĺ ŕőďçĺŋïěâáï ŰŔŠ.

Śńěďáâćĺě (âěőàěňă Ňãăćàă-Ńăŕńăáă). Ďńï ŕőáńěďőćăâěńìŋőáâĺ {ξn} ąĺŋőňĺăńìŋëå á.ć. á ŕăàăňěâàőň p lim_{n→∞} P n∑ k=1 ξ_k − np √ npq < x = 1 √ 2π x∫ −∞ exp { − t^2 2 } dt. Ŋă ŕàăłâĺłě ŕàĺ łőŋěçŋëå n ćěàőïâŋőáâì ŋăåőęďěŋĺï çĺáńă ŕőïćńěŋĺľ áőąëâĺï ć áěčňěŋâě [m1, m2] ćëçĺáńïîâ ŕő äőàňãńě

P {m_1 < ξ_n < m_2} = 1 2 { Φ ( m_2 + 0.5 − np √ npq ) − Φ ( m_1 − 0.5 − np √ npq )} (3) čďě Φ (x) =^√2/π^{x∫}_{−∞} exp (−t^2/2) dt - äãŋłæĺï Ńăŕńăáă.

1. Ŕãáâì áńãçăľŋăï ćěńĺçĺŋă ηn àăćŋă áãňňě őçłőć ŕàĺ n ŕőďąàăáëćăŋĺïå ĺčàăńìŋőľ łőáâĺ. Ĺáŕőńìğãï ŋěàăćěŋáâćő Ůěąëèěćă, őæěŋĺâì áćěàåã ćěàőïâŋőáâì: P {| | | η_n n − 3.5 | | | | > ε } , ε > 0. 2. Ćěàőïâŋőáâì ŕőïćńěŋĺï áőąëâĺï^`A ć őďŋőň őŕëâě àăćŋă 0.5. Ňőęŋő ńĺ á ćěàőïâŋőáâìî, ąőńìèěľ 0.97, ãâćěàęďăâì, çâő çĺáńő ŕőïćńěŋĺľ^`A ć 1000 ŋěğăćĺáĺňëå ĺáŕëâăŋĺľ ąãďěâ ć ŕàěďěńăå őâ 400 ďő 600?

3. Ĺáŕőńìğãï ŋěàăćěŋáâćő Ůěąëèěćă, őæěŋĺâì ćěàőïâŋőáâì âőčő, çâő ńîąăï á.ć.

őâłńőŋĺâáï őâ áćőěčő ňăâěňăâĺçěáłőčő őęĺďăŋĺï ňěŋěě, çěň ŋă 3σ, čďě σ - áàěďŋě-łćăďàăâĺçŋőě őâłńőŋěŋĺě ξ.

4. Ŕőáńěďőćăâěńìŋőáâĺ ξn, ηn ĺ ζn ćğăĺňŋő ŋěğăćĺáĺňëå á.ć. ğăďăîâáï àïďăňĺ àăáŕàěďěńěŋĺï ĺå çńěŋőć: (a) P [ξ_n = ±2^n] = 1 2 ; (b) P [η_n = ±2^n] = 1 2^{2n+1}

, P [η_n = 0] = 1 − 1 2^{2n} ; (c) P [ζ_n = ±n] = 1 2 √ n , P [ζ_n = 0] = 1 − 1 √ n . Łăłĺě ĺğ ŋĺå ŕőďçĺŋïîâáï ĞĄŮ?

5. Ďăŋă ŕőáńěďőćăâěńìŋőáâì ŋěğăćĺáĺňëå á.ć. ξn, ĺňěîéĺå őďŋã ĺ âã ęě äãŋłæĺî àăáŕàěďěńěŋĺï

F (x) = 1 2 + 1 2 arctan x a . Ŕàĺňěŋĺň ńĺ ł ŋěľ ĞĄŮ?

6. Ňőęŋő ńĺ ĺŋâěčàăń I = ∞∫ a sin x x dx (a > 0) ŕőáńě ğăňěŋë ŕěàěňěŋŋőľ y = a/x ćëçĺáńĺâì ňěâőďőň Ňőŋâě-Łăàńő ŕő äőàňãńě

I_n = 1 n n∑ k=1 1 y_k sin a y_k , čďě yk - cńãçăľŋëě çĺáńă ĺğ ĺŋâěàćăńă [0, 1] .

7. Ćěàőïâŋőáâì ŕőïćńěŋĺï áőąëâĺï ŕàĺ őďŋőň ĺáŕëâăŋĺĺ àăćŋă 0.3. Ś łăłőľ ćěàőïâŋőáâìî ňőęŋő ãâćěàęďăâì, çâő çăáâőâă ŕőïćńěŋĺľ íâőčő áőąëâĺï ŕàĺ 100 ĺáŕëâăŋĺïå ąãďěâ ńěęăâì ć ŕàěďěńăå 0.2 − 0.4?

8. Łăłőćă ćěàőïâŋőáâì âőčő, çâő ć áâőńąĺłě ĺğ 100 ňőŋěâ çĺáńő ňőŋěâ, àăáŕőńőęěŋŋëå őàńőň ććěàå, ąãďěâ őâ 45 ďő 55?

9. Ŕàőĺğćőďáâćő ďăěâ őďĺŋ ŕàőæěŋâ ąàăłă. Łăłőćă ćěàőïâŋőáâì âőčő, çâő ĺğ ćğïâëå ŋă ĺááńěďőćăŋĺě 1100 ĺğďěńĺľ ćëąàăłőćăŋő ąãďěâ ŋě ąőńìèě 17?

10. Śłńăďëćăîâáï 10 000 çĺáěń, őłàãčńěŋŋëå á âőçŋőáâìî ďő 10^{−m}. Ŕàěďŕőńăčăï őèĺąłĺ őłàãčńěŋĺï ŋěğăćĺáĺňëňĺ ĺ àăćŋőňěàŋő àăáŕàěďěńěŋŋëňĺ ć ĺŋâěàćăńě

(−0.5 · 10^{−m}, 0.5 · 10^{−m}), ŋăľâĺ ŕàěďěńë, ć łőâőàëå á ćěàőïâŋőáâìî, ŋě ňěŋìèěľ 0.99, ąãďěâ ńěęăâì áãňňăàŋăï őèĺąłă.

11. Śńãçăľŋăï ćěńĺçĺŋă ξλ àăáŕàěďěńěŋă ŕő ğăłőŋã Ŕãăááőŋă á ŕăàăňěâàőň λ. Ůěňã àăćěŋ lim_{λ→∞} P { ξ_λ − λ √ λ ≤ x } ? Şłăğăŋĺě. Śň.ğăďăçã 8.14.

12. Ŕãáâì á.ć. ξ ŕàěďáâăćńïěâ áőąőľ àïď

ξ =^∞ ∑ i=1 ξ_i 2^i , čďě {ξi} −ŕőáńěďőćăâěńìŋőáâì ŋěğăćĺáĺňëå á.ć., ŕàĺŋĺňăîéĺå ğŋăçěŋĺï 0 ĺ 1 á ćěàőïâŋőáâïňĺ 0.5. Ŕőłăęĺâě, çâő á.ć. ξ àăáŕàěďěńěŋă àăćŋőňěàŋő ć ĺŋâěàćăńě

(0, 1).

Şłăğăŋĺě. Ć äőàňãńě F_ξ (x) = P {ξ < x} ŕàěďáâăćĺâì çĺáńő x ć ďćőĺçŋőľ äőàňě.

ŐŠĆĚŠŻ

Ğăŋïâĺě 9

1. P ≤ 8.75/nε^2.

2. Ďă.

3. P ≥ 8/9. 4. {η_n}. 5. Ŋěâ. 6. Ŋěâ.

7. 0.96. 8. 0.6826. 9. 0.965.

10. (−74.36 · 10^{−m}; 74.36 · 10^{−m}). 11. Φ (x).